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Amenable partial orders on locally 


inverse semigroup ! 
Bin Li 


Department of Project Management, 
Shaanxi Business College, Xi’an, Shaanxi, P. R. China 
Email: libinsxdd@126.com 


Abstract Suppose that S is a locally inverse semigroup with an inverse transversal S°. In 
this paper, we first introduce the C'S°-cone of S, which modify the definitions of cone in 
[3] and S°-cone in [4]. By an C'S°-cone, we can construct an amenable partial order on S. 
Conversely, every amenable partial order on S can be constructed in this way. It is easily 
verified that the set E(S°) of all idempotent elements of S° is the smallest C'S°-cone of S. 
Also, we show that the amenable partial order constructed by E(S°) is equal to the natural 
partial order on S and so the natural partial order on S is the smallest amenable partial order. 
Keywords Locally inverse semigroup, amenable partial order, inverse transversal, order 
-preserving bijection. 

2000 Mathematics Subject Classification: 20M10, 06B10 


§1. Introduction and preliminaries 


A semigroup S' is said to be a partially ordered semigroup, or to be partially ordered, if it 
admits a compatible ordering <; that is, < is a partial order on S such that (Va, be S,a€ 
S1)a<b=2a<cb and az < be. 

Let S be a regular semigroup with set E(S) of idempotent elements. As usual, < denotes 
the natural partial order on S. That is, for any a, b € S, 


axb ifandonlyif a=eb=bdf for somee, f € E(S). 


By corollary 4.2 in [1], the natural partial order < on S is compatible with the multiplication 
if and only if S is a locally inverse semigroup. Thus a locally inverse semigroup equipped with 
the natural partial order is a partially ordered semigroup. Particularly, an inverse semigroup is 
a partially ordered semigroup under the natural partial order. 

Blyth, McFadden, McAlister and Almeida Santos introduced and studied amenable par- 
tially ordered inverse semigroup in [8, 5, 6, 7]. 

Definition 1.1.!3] Let (5, -, <) be a partially ordered inverse semigroup. The partial order 
< is said to be a left(right) amenable partial order if it coincides with < on idempotents and 
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for each a, b € S, a < bimplies a~ta =X b-bd (aa~! = bb). If < is both a left amenable partial 
order and a right amenable partial order on S’, then < is called an amenable partial order and 
S is called an amenable partially ordered inverse semigroup. 

It is easy to see that the natural partial order on inverse semigroup is an amenable partial 
order. Suppose that 5 is an inverse semigroup. Also, McAlister @! introduced the notion of a 
cone as the full subsemigroup Q of the subsemigroup R(E(S)) = {a € S| (Ve € E(S)), exe = 
xe} with the properties that Q()Q-! = E(S) and zQx~! C Q for all « € S. He showed 
that there exists an order-preserving bijection between the set of cones in S' and the set of left 
amenable partial orders on S. 

Blyth and Almeida Santos generalized (left) amenable partial orders on inverse semigroup 
to regular semigroup with an inverse transversal in [4]. Let S be a regular semigroup, for any 
a € S, V(a) denotes the all inverses of a. An inverse, transversal of a regular semigroup S is an 
inverse subsemigroup S° with the property that |S°(]V(a)| = 1 for every a in S. The unique 
inverse of a in S°()V(a) is written as a° and (a°)° as a°°. The set of idempotents in S° is 
denoted by E(S°) . We recall the following definition. 

Definition 1.2. |] Let (5, -, <) be a partially ordered regular semigroup with an inverse 
transversal S°. If < coincides with = on idempotents and the partial order < has the following 


property 
(Va, bE S) a< b= a’aXx b°%, 


then < is said to be a left amenable partial order on S. Dually, if a < b implies aa° = bb°, then 
< is called a right amenable partial order on S. If < is both a left amenable partial order and 
a right amenable partial order on S, then < is called an amenable partial order and S is called 
an amenable partially ordered regular semigroup with inverse transversal S°. 

A right normal orthodox semigroup is an orthodox semigroup in which the set E(S) of all 
idempotent elements of S forms a right normal band, that is to say 


(Ve, f, 9g € E(S)) efg = feg. 


Suppose that S is a right normal orthodox semigroup with inverse transversal S°. It is easy to 
see that the subset 
R(E(S)) = {a € S|(Ve € E(S)) eae = ae} 


of S is a subsemigroup of S. 

Blyth and Almeida Snatos introduced the concept of S°-cone on S in [4], which extended 
the notion of cone in inverse semigroup. Assume that S is a right normal orthodox semigroup 
with an inverse transversal S°. A non-empty subset Q of S' is called a S°-cone of S if Q satisfies 
the following three conditions: 


(C1) Q is a subsemigroup of R(E(S)); 
(C2) Q1] Q° = E(S®) ; 


(C3) (Va € S) tQaz° CQ. 
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Particularly, if Q is a S°-cone and E(S') C Q, then Q is said to be a locally maximal 
S°-cone of S. 

Let S is a right normal orthodox semigroup with an inverse transversal S°, Blyth and 
Almeida Snatos in [4] proved that there is an order-preserving bijection from the set of all 
locally maximal S°-cones to the set of all left amenable orders definable on S and the natural 
partial order is the smallest left amenable partial order(see theorems 7 and 11 in [4]). 

Suppose that S' is a locally inverse semigroup with an inverse transversal S°. Blyth and 
Almeida Santos gave a complete description of all amenable partial orders on S and showed the 
natural partial order on S is the smallest amenable partial order in [5]. They also proved that 
every amenable partial orders on S° extends to a unique amenable partial order on S. 

In this paper, we will give a new characterization of the amenable partial orders on S. 
We first introduce the C'S°-cone of S, which modify the definitions of cone in [3] and S°-cone 
in [4]. Being similar to [5], by an C'S°-cone, we can construct an amenable partial order on 
S. Conversely, every amenable partial order on S can be constructed in this way. It is easily 
verified that the set E(S°) of all idempotent elements of S° is the smallest C’S°-cone of S. 
Also, we show that the amenable partial order constructed by E(S°) is equal to the natural 
partial order on S and so the natural partial order on S is the smallest amenable partial order. 
Finally, it is established that for any (but fixed) the inverse transversal S° of S, there is an 
order-preserving bijection from the set of all amenable partial orders on S$ to the set of all 
amenable partial orders on S° and so every amenable partial order on S®° is uniquely extended 
to an amenable partial order on S. 


§2. Constructing amenable partial orders 


Suppose that (, -) is a regular semigroup with an inverse transversal S°. The following 
two statements are needed. Blyth and Almeida Santos say in [5] that S satisfies the following 
formular 


(Va, b € S') (ab)° = (a°ab)a° = b°(ab°b)° = b°(a°abb°)°, (a°b)° = b°a®®, (ab°)° = b°°a®. (1) 
According to Blyth and Almeida Santos in [5], if S' is locally inverse, then 
(Va, b,c ES) a®bc? = a°b°°c®. (2) 
Suppose that S is a regular semigroup with an inverse transversal S°. Blyth and Almeida 
Santos say in ([4] and [5]) that the two subsets of E'S) 
A= {ax°a|x eS}, I= {axx°|x € S} 


are respectively right regular subband and left regular subband of E(,S). Hence, we immediately 
have 

Lemma 2.1. Let S be a locally inverse semigroup with an inverse transversal S°. Then 
A is aright normal subband of E(S) and IJ is a left normal subband of F(S). 

Proof. Suppose that S is a locally inverse semigroup with an inverse transversal S°. 
Consider the set 
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E(S°)¢ = {a € S°|(Ve € E(S°)) ex = ze}, 


which is the centralizer of E(.S°) in S°(see section 5.3 in [2]). It is easy to see that E(S°)¢ is a 
subsemigroup of S°. Now, we have 

Definition 2.1. ! Suppose that S$ is a locally inverse semigroup with an inverse transver- 
sal S°. A subset Q of S° will be called an C'S°-cone if 


(i) Q is a subsemigroup of E(S°)¢; 
(ii) Q(T) Q° = E(S°); 
(iii) (Va € S) 2°Qz°? CQ. 


It is easy to see that E(S°) is an C'S°-cone. The following result will show that an amenable 
partial order on S also can be constructed by an C'S°-cone. 


Theorem 2.1. Suppose that S$ is a locally inverse semigroup with an inverse transversal 
S°. Let C be an C'S°-cone. Then the relation <c¢ defined on S by 


EScYy = rr syy?, wrx yy, Py, ys EC 


is an amenable partial order on S. 

Proof. It is easily seen that <c is reflexive. Suppose that « <c y and y <c x. From the 
definition of <c we have rx° = yy®, va = y°y, w°y®, you? © C. Thus y°2°° = (x°y°°)° € 
Cf] C° = E(S°), since C is an C'S°-cone. It follows from xx° = yy® and (1) that 7°°x° = 


00,,0 O,,00,,0 0 7,00 »,0 


(ax°)° = (yy?)° = y°°y° and so y° = y°y®°y° = y°x°°x°, which gives y° x 2°. Likewise, 


00 


°°. Hence, «© = 10° - @°° - aoa = 


z° < y° and so x° = y°, furthermore, we have 7°° = y 
yy? -y°°- y°y = y, this shows that <c is anti-symmetric. If « <c y and y <c z, then 
aun y’y BN z°2z, aa° XK yy? K zz° and r°y°, y°z°° € C. We obtain from xx° x yy° that 


0,,00,,0 ,00 


za°yy°? = xx°. It follows from definition 2.1 that 7°y°°y°z°° € C. Thus, we have 


0,,00, 0,00 0,,00, 0 00 


rey yoz = reaxreyyoz 
— x? (xx°yy®)z°° 
Sg ge 


Consequently 7° z°° € C, similarly, we have z°°x° € Cand so x <q z. Hence, <c is transitive. 
Thus we show that <o is a partial order on S. 


Suppose that x <c y. For any z € S, we have 


(za)°(zy)°° = a°(zax®)°(zy)°° 
= 2° (zyy? aa?)°(zy)°° 
= wo eo a y?? (zy)? (zy)?? 
= x°y°°(zy)°(zy)°° 
€ CE(S°) 


CC. (E(S°) CC) 
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and 
(zy)°°(za)° = (zy)°°x°(zax°)° (by (1)) 
= (zyy°y)°°x° (zaxr°yy?)° 
= (zyy?)Peye?ax? (zyy°aa® )° 
= (zyy POO AIO? moe eo Zaye je 
= (zyy?)°°y??a?(zyy?)° 
EC. (y°°a? EC) 


Hence, we have (z2)°(zy)°°, (zy)°°(zx)° € C. It follows from theorem 8 in [5] that zx(zx)° x 
zy(zy)° and (zax)°za x (zy)°zy. Thus, we see zx <c zy, therefore <c is compatible on the 
left. Dually, we have that <c is also compatible on the right and so (S,-, <c) is a partially 
ordered semigroup. 

In the following, we will show that the partial order <c¢ coincides with the natural partial 
order on E(S). Suppose that e, f € E(S) and e <c f. Then e°e x f°f,ee° x ff? and 
so e°e f° f = e°e, ff°ee° = ee°. Pre-multiplying e°ef° f = e°e by e, we obtain e = (ef°)f, 
post-multiplying this by f, we have ef = (ef°)f = e. Similarly, we have f(f°e) = fe = e, 
consequently e x f. If e, f € E(S) and e x f, then e = ef = fe, further, we have e°e(f°f) = 
e’ef (f° f) = e°ef = e°e, post-multiplying this by e°e, we have e°e( f° f)e°e = e°e, by lemma 
2.1, we have f° fe°e = e°e, hence, e°e < f° f, similarly, we have ee° =< ff°. It is clear that 
e° f°°, fe°e® € C, hence, e <c f. Consequently, <c¢ coincides with <x on idempotents. By 
definition 1.1, we have that <c is an amenable partial order. 

Assume that S is a locally inverse semigroup with an inverse transversal S° and < is a 
partial order on S. We denote by <*° the restriction of < on S°. Then the following lemma is 
clear. 

Lemma 2.2. Suppose that S is a locally inverse semigroup with an inverse transversal 
S°. If < is an amenable partial order on S, then <* is an amenable partial order on S°. 

Lemma 2.3. Suppose that S$ is a locally inverse semigroup with an inverse transversal 
S°. If the partial order < is an amenable partial order on S, then 


(Va,bES)a< b= > ar <®™ 9, 


Proof. Suppose that a < b, then aa° ~ bb° and a°a ~< 6°b by definition 1.1. Hence, 
we have aa°bb° = aa® and a°ab°b = aa, by (1) and (2), we have (aa°bb°)° = (aa°b°°b?)° = 
b°°b°a°°a® = (aa°)® = a°°a°. This shows that a°°a° ~< b°°b°. Likewise, a°a°° ~< b°b°°. 
Since < is an amenable partial order, we have a°°a° < 6°°b° and a°a°° < b°b°°, consequently 
ae? = a®°aeaara’? < b°°b°bb°b°? = b°°. From a°°, b°° € S° we have a°° <®” b°°, as required. 

Proposition 2.1. Suppose that S is a locally inverse semigroup with an inverse transversal 
S°. If the partial order < is an amenable partial order on S, then there exists an C’S°-cone C’ 
such that <c=<. 

Proof. Assume that < is an amenable partial order on S, we denote by <*° the restriction 
of < on S°. By lemma 2.3, we have <* is an amenable partial order on S°. Let 


C = {alr € 8°, ox <© x, ax? <% 3}, 
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it is easily to see that E(S°) C C. By lemma 2.1(#iz) in [3] and its dual, we have C is the subset 
of E(S°)¢. Now let x, y € C. Then 
(zy)°ay = yParay (x, y € S°) 
= yyyea°ry 
<% yya°ay 
= wayyy (E(S°) is a semilattice) 
= xry 


ee, LY. 


Similarly, we have ry(xy)° <° «xy. Hence, xy € C. This shows that C is a subsemigroup of 


E(S°)¢. 
Suppose that z, 2° € C. Then 2°2 <* 2, 2°°ax° <5 2°. From x € S° we obtain 
x°° = x, thus we have xx° <* 2°, post-multiplying this by x, we have x <%° x°x whence 


x = «°x € E(S°), hence, we have C(\C° C E(S°). On the other hand, it is clear that 
E(S°) C C(\C°. Consequently E(S°) = C()C°. 
For any z € S, a € C, we have 
(2° axe’)? (a°ax°°) — garner ax’? (by (1)) 


©,0,,00,,0 00,0 (ore) 
= LAL LAX XL +X 


= waraxra® - °° (aEeCC E(S°)¢) 
— racan®? 
a gon (a°a <*° a) 


Dually, we have (x°ax°°)(x°axr°°)° <5° 2°ax°°. Thus we have #°ax°? € C and so x°C'x°° C C. 
It follows from definition 2.1 that C is an C'S°-cone. 

Consider the corresponding partial order <c given by « <c y => wa° XX yy®, e°a x 
yoy, e°y®?, y°°a° € C. We can obtain from theorem 2.1 that <c is an amenable partial order 
on S. In the following, we will show that <o=<. 


Suppose that x <c y. Then xx° = yy® and «°y°° € C, hence, we have 


roo ge? — (ax? yy?)°? 
= (wxeyy?)°° (by (2)) 
=_ we ee y??y? (by (1)) 


= yer yer? x? yey? 
= y®? (a y?)? (x°y?)y? 
<s° y°° (x? 00) 4° 


00 ,,0,,00,,0 


=y uyey 


00 ,,0 ,,00 ,,0,,00,,0 


Sayre ea 00,0, DBO, 6 
= 9a? (err y?°y?) 
BO nna OO pO: 


Sy ae eer 


_— yon’. 
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0,00 O,,00 O,,00,,0 


Since < is an amenable partial order, we have « = ra°a°°x°a < waoy°aoan < yy? y°?yly = y. 
Consequently <¢@C<. 

Suppose that a,b € S and a < 6b. It follows from a < b that aa° = bb° and a’a xX 5°, 
furthermore, we have b°b°°a° = a°. By lemma 2.3, we have a°° <%" °°. Hence, (a°b)°(a°b)°° = 
bearracb’? <5" Bb ab’? = a°b°? = (a°b)°°, ie., (a°b)°(a°b)°? <* (a°b)°°. Similarly, we 
have (a°b)°°(a°b)° <*° (a°b)°°. Thus we obtain that a°b°° = (a°b)°° € C. Similarly, we have 
b°°a? € C. From the definition of <c¢ we have a <o b and so <C<c. Therefore <o=<. 

It is to see F(.S°) is the smallest C'S°-cone, by proposition 2.1 and theorem 11 in [5], we 
have 

Theorem 2.2. Suppose that S$ is a locally inverse semigroup with an inverse transversal 


S°. Then <g,g:) defined by (*) is the smallest amenable partial order on S and <g(g0)=2. 
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structure 


Dr. N. Kannappa‘ and Mrs. P. Tamilvani + 


+ TBML College, Porayar - 609307, Tamilnadu, India 


E-mails: sivaguru91@yahoo.com 


Abstract In this paper, we introduced Samarandache-2-algebraic structure of Boolean-near- 
ring namely Smarandache-Boolean-near-ring. A Samarandache-2-algebraic structure on a set 
N means a weak algebraic structure S; on N such that there exists a proper subset M of 
N, which is embedded with a stronger algebraic structure S2, stronger algebraic structure 
means satisfying more axioms, that is S; << S2, by proper subset one understands a subset 
different from the empty set, from the unit element if any, from the whole set 3]. We define 
Smarandache-Boolean-near-ring and obtain the some of its characterization through Boolean- 
ring with sub-direct sum structure. For basic concept of near-ring we refer to G. Pilz ek 

Keywords Boolean-ring, Boolean-near-ring, Smarandache-Boolean-near-ring, compatibility, 


maximal set, idempotent and uni-element. 


81. Preliminaries 


Definition 1.1. A (Left) near ring A is a system with two Binary operations, addition 
and multiplication, such that 

(i) the elements of A form a group (A, +) under addition, 

(ii) the elements of A form a multiplicative semi-group, 

(iii) e(y +z) = xy+ az, for all x,y and z € A. In particular, if A contains a multiplicative 
semi-group S whose elements generates (A, +) and satisfy, 

(iv) (a+ y)s = xs + ys, for all x,y € A and s € S, then we say that A is a distributively 
generated near-ring. 

Definition 1.2. A near-ring (B,+,-) is Boolean-near-ring if there exists a Boolean-ring 
(A,+,A,1) with identity such that is defined in terms of +, A and 1, and for any b € B,b-b = b. 

Definition 1.3. A near-ring (B,+,-) is said to be idempotent if x? = x, for all x € B. 
ie. If (B,+,-) is an idempotent ring, then for all a,b € B,a+a=O0anda-b=b-a. 

Definition 1.4. Compatibility a € bie. ”a is compatibility to b” if ab?=a2b. 

Definition 1.5. Let A=(---, a, b, c, ---) be a set of pairwise compatible elements of 
an associate ring R. Let A be maximal in the sense that each element of A is compatible with 


Vol. 9 On some characterization of Smarandache-boolean near-ring with sub-direct sum structure 9 





every other element of A and no other such elements may be found in R. Then A is said to be 
a maximal compatible set or a maximal set. 

Definition 1.6. If a sub-direct sum R of domains has an identity, and if R has the 
property that with each element a, it contains also the associated idempotent a®° of a, then R 
is called an associate subdirect sum or an associate ring. 

Definition 1.7. If the maximal set A contains an element u which has the property that 
a<_u, for all a € A, then uw is called the uni-element of A. 

Definition 1.8. Left zero divisors are right zero divisors, if ab = 0 implies ba = 0. 

Now we have introduced a new definition by [3]. 

Definition 1.9. A Boolean-near-ring B is said to be Samarandache-Boolean-near-ring 
whose proper subset A is a Boolean-ring with respect to same induced operation of B. 

Theorem 1.1. A Boolean-near-ring (B,V, A) is having the proper subset A , is a maximal 
set with uni-element in an associate ring R, with identity under suitable definitions for (B, ay 
with corresponding lattices (A, <) (A, <) and 

aVb=a+b— 2a% = (aUb) — (and), 

ah\b=ant=ae>=—ab". 

Then B is a Smarandache-Boolean-near-ring. 

Proof. Given (B,V,/) is a Boolean-near-ring whose proper subset (A,V, A) is a maximal 
set with uni-element in an associate ring R, and if the maximal set A is also a subset of B. 

Now to prove that B is Smarandache-Boolean-near-ring. It is enough to prove that the 
proper subset A of B is a Boolean-ring. Let a and b be two constants of A, if a is compatible 
to b, we define a A 6 as follows: 

If a; = b; in the i-component, let (a A b); = 0;; 

if a; 4 bj, then since a~b precisely one of these is zero; 

if a; = 0, let (aA b); = b; £0; 

if b; = 0, let (aA b); =a; £0. 

It is seen that if a A b belongs to the associate ring R, then a Ab < u, where wu is the 
uni-element of A, and therefore, a Ab € A. 

Consider a\ b= a+ b—2a°%: 

If in the i-component, 0 # a;-b;, then since (a°); = 1; = (b°);, we have (a+ b— 2a%b); = 0;; 

if 0; = a; = b;, then (a°); = 0 and (b°); = 1, whence, (a + b — 2a°b); = by; 

if a; 4 0 and b;=0 then (a + b — 2a°b) = 0;. 

Therefore a A b € A, the maximal set. 

Similarly, the element aAb = aNb = a°b = ab® = glb(a, b) has defined and shown to belongs 
to A as the glb(a,b). Now let us show that (A,V,A) is a Boolean-ring. Firstly, a V a = 0, since 


a; = a; in every i-component, whence (a V a); vanishes, by our definition of ’V’. Secondly 
0 








a\a=ana=a'a=a, and so a is idempotent under A. We have shown that A is closed under 
A is V, and associativity is a direct verification, and each element is itself inverse under A. 

To prove associativity under A : 

For aA (6c) =a Ac) =a? (bc) = al (be?) = (adie = (arb) e=(arb) Ac 
>a (bAc)=(aAb) Ac, for all a,b,c € R. 

For distributivity of A over A, let c be an arbitrary element in A. 
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Now cA (aVb) = c°(avV b) = c9(aUb) — c8(anb) = (c8aU cd) — c°a®b = a+ c°b— cab — 
a% = at &b — 2c°a%b = (ce Aa) V (CAb) > CA (aVb) = (cAa) V (cA b). Hence (A, V, A) 
is a Boolean-ring. 

It follows that the proper subset A, a maximal set of B forms a Boolean ring. B is a 
Boolean-near-ring, whose proper subset is a Boolean-ring, then by definition, B is a Smarandache- 
Boolean-near-ring. 

Theorem 1.2. A Boolean-near-ring (B,V,/) is having the proper subset (A,+,A,1) is 
an associate ring in which the relation of compatibility is transitive for non-zero elements with 
identity under suitable definitions for (B,+,-) with corresponding lattices (A, <) (A, <) and 

aVb=a+t+b-—2a°b = (aUb) —(anb), 

chojancen aan, 

Then B is a Smarandache-Boolean-near-ring. 

Proof. Assume that (B,+,-) be Boolean- near-ring having a proper subset A is an asso- 
ciate ring in which the relation of compatibility is transitive for non-zero elements. 

Now to prove that B is a Smarandache-Boolean-near-ring, i.e., to prove that if the proper 
subset of B is a Boolean-ring, then by definition B is Smarandache-Boolean-near-ring. We have 
0 is compatible with all elements, whence all elements are compatible with A and therefore, are 
idempotent. 

Then assume that transitivity holds for compatibility of non-zero elements. It follows that 
non-zero elements from two maximal sets cannot be compatible (much less equal), and hence, 
except for the element 0, the maximal sets are disjoint. 

Let a be a arbitrary, non-zero element of R. If a is a zero-divisor of R, then the idempotent 
element A —a°? 4 0. Further A — a® belongs to the maximal set generated by the non-zero 
divisor a’ = a+ A— a, since it is (A — a°)a’ = (A —a°)(a+ A—a®) = (A—a®) = (A - 2°)? 
ie. A—a® <a’. Since also a < a’ and a ~ A—a”, therefore, a is idempotent. i.e. All the 
zero-divisors of R are idempotent which is a maximal set then by theorem 1 and by definition 
A is a Boolean-ring. Then by definition, B is Smarandache-Boolean-near-ring. 

Theorem 1.3. A Boolean-near-ring (B,V,/) is having the proper subset A, the set A of 
idempotent elements of a ring R, with suitable definitions for V and A, 

aVb=a+b— 2a% = (aUb) — (and), 

ahb=ant=ae> =ab. 

Then B is a Smarandache-Boolean-near-ring. 

Proof. 

Assume that the set A of idempotent elements of a ring R, which is also a subset of B. 
Now to prove that B is a Smarandache-Boolean-near-ring. It is sufficient to prove that the set 
A of idempotent elements of a ring R with identity forms a maximal set in R with uni-element. 
By the definition of compatible, then we have every element of R is compatible with every 
other idempotent element. If a € R is not idempotent then, a?-1 +4 a-1?, since the definition 
of compatible. Hence no non-idempotent can belong to this maximal set. Thus the set A is 
idempotent element of R with identity forms a maximal set in R whose uni-element is the 
identity of R, by theorem 1 and by definition. A, a maximal set of B forms a Boolean ring 


Then by definition, it concludes that B is Smarandache-Boolean-near-ring. 
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Theorem 1.4. A Boolean-near-ring (B,V,/) is having the proper subset, having a non- 
zero divisor of A, as an associate ring, with suitable definitions for V and A, 

aVb=a+t+b—2a°b = (aUb) — (anb) 

eho=atie=a tao, 

Then B is a Smarandache-Boolean-near-ring. 

Proof. Let B is Boolean-near-ring whose proper subset having a non-zero divisor of 
associate ring A. 

Now to prove that B Smarandache-Boolean-near-ring. It is enough to prove that every 
non-divisor of A determines uniquely a maximal set of A with uni-element. 

Let a be the uni-element of a maximal set A then we have b < a, for b€ A. 

Consider all the elements of A in whose sub-direct display one or more component a; 
duplicate the corresponding component u,; of u, the other components of a being zeros, i.e., 
all the element a such that a < u , becomes wu is uni-element. Clearly, these elements are 
compatible with each other and together with u form a maximal set in A, for which wu is the 
uni-element. Hence A is a maximal set with uni-element and by theorem 1 and definition A, a 
maximal set of B forms a Boolean ring. 

Then by definition, B is Smarandache-Boolean-near-ring. 

Theorem 1.5. A Boolean-near-ring (B,V,/) is having the proper subset A, associate 
ring is of the form A = uz, where wu is a non-zero of A and J is the set of idempotent elements 
of A, with suitable definitions for V and A, 

aVb=a+b-— 2a% = (aUb) —(anb), 

aN\db=ant=a'd =ab". 

Then B is a Smarandache-Boolean-near-ring. 

Proof. Assume that the proper subset A of a Boolean-near-ring B is of the form A = u,, 
where u is non-zero divisor of A and J is the set of idempotent elements of A. Now to prove 
B is Smarandache-Boolean-near-ring. It is enough to prove that A is a maximal set with 
uni-element. 

(i) It is sufficient to show that the set wy is a maximal set having wu as its uni-element. 

(ii) If b belongs to the maximal set determined by u, then b has the required form b = Ue, 
for some e € J. 

Proof of (i). It is seen that ue ~ uf i.e. Ue is compatible to wy with uni-element u, for all 
e, f € J, since idempotent belongs to the center of A. Also, ue < u, since Ue -u= U2 = (ue)?. 

Proof of (ii). We know that A is an associate ring, the associated idempotent a° of a has 
the property: if a ~b then a°b = ab? = b°a = ba®; if a € Ay, then since a < u and u° = 1, we 
have A= u°a = au® = a®u, for all a° € J. 

Hence A is a maximal set with uni-element of of B by suitable definition and by theorem 
1 then we have A is a Boolean-ring. Then by definition, B is Smarandache-Boolean-near-ring. 
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§1. Introduction and preliminaries 


Definition 1.1. Gegenbauer polynomials or ultraspherical polynomials C(a) are orthog- 
onal polynomials on the interval [-1,1] with respect to the weight function (1 — 2?)°~?. They 
generalize Legendre polynomials and Chebyshev polynomials, and are special cases of Jacobi 
polynomials. They are named for Leopold Gegenbauer. 


Gegenbauer polynomials are particular solutions of the Gegenbauer differential equation 
(1 — 2?)y” — (2a + 1)ay! + n(n + 2a)y = 0. 


When a = s, the equation reduces to the Legendre equation, and the Gegenbauer polyno- 
mials reduce to the Legendre polynomials. 
They are given as Gaussian hypergeometric series in certain cases where the series is in 


fact finite 


C2(z) = an aFi(—n@atnjia+ _ 1), 
ni 2 2 





They are special cases of the Jacobi polynomials 


(2a) n 
(a+ s)n 


One therefore also has the Rodrigues formula 


C%(z) = Pe Be-Dp), 


(a) = CAPE eA — ary ott Za — arte d], 
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Definition 1.2. The Pochhammer’s symbol is defined by 


( b(b+1)---(6+k—-1), if k=1,2,3,---; 
T(o+k ; 
(b, Be ay 1 » if k=0; 

k! » if b=1, k=1,2,3,--- 


where 0 is neither zero nor negative integer and the notation I stands for gamma function. 
Definition 1.3. In mathematics, the Bernoulli polynomials occur in the study of many 
special functions and in particular the Riemann zeta function and the Hurwitz zeta function. 
This is in large part because they are an Appell sequence, i.e., a Sheffer sequence for the ordinary 
derivative operator. Unlike orthogonal polynomials, the Bernoulli polynomials are remarkable 
in that the number of crossings of the z-axis in the unit interval does not go up as the degree of 
the polynomials goes up. In the limit of large degree, the Bernoulli polynomials, appropriately 
scaled, approach the sine and cosine functions. 
The Bernoulli polynomials B,(x) admit a variety of different representations. Which 
among them should be taken to be the definition may depend on one’s purposes. 
Definition 1.4. Explicit formula is defined by 
n 
B,(z)=S>{ "| Bear *, 
ko \n—k 


for n > 0, where By are the Bernoulli numbers. 

Definition 1.5. In mathematics, the Hermite polynomials are a classical orthogonal poly- 
nomial sequence that arise in probability, such as the Edgeworth series; in combinatorics, as an 
example of an Appell sequence, obeying the umbral calculus; in numerical analysis as Gaussian 
quadrature; and in physics, where they give rise to the eigenstates of the quantum harmonic 
oscillator. They are also used in systems theory in connection with nonlinear operations on 
Gaussian noise. They are named after Charles Hermite (1864) although they were studied 
earlier by Laplace (1810) and Chebyshev (1859). 

There are two different standard ways of normalizing Hermite polynomials: 


Bettie es, 
dx” 


iN) 





(the “probabilists’ Hermite polynomials” ), and 
d” a d\? _ #2 
H,(a«) = Cie =er ie - =} e 7, 
(the “physicists’ Hermite polynomials” ). 
These two definitions are not exactly equivalent; either is a rescaling of the other, to wit 
H,() = 23 Hen(V2x), Hep(x) = 272 Hy (=) 
V2 
The notation He and H is that used in the standard references Tom H. Koornwinder, Rod- 
erick S. C. Wong, and Roelof Koekoek et al(2010), and Abramowitz & Stegun. The polynomials 
2. 


He,, are sometimes denoted by Hy, especially in probability theory, because Tae > is the 
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probability density function for the normal distribution with expected value 0 and standard 
deviation 1. 
The first eleven probabilists’ Hermite polynomials are: 


Heo(x) = 1, 
He\(x) = 2, 
He2(z) = 2? -1, 

He3(x) = x? — 3a, 
Heg(x) = «* — 6x? +3, 
Hes(x) = x — 10x? + 15a, 
Heg(x) = 2® — 15a* + 45a? — 15, 





He7(x) = 2" — 212° + 10527 — 1052, 
Heg(x) = «® — 282° + 210x* — 420x? + 105, 





Heg(x) = x° — 36x" + 378° — 1260? + 9452, 





He9(x) = x” — 452° + 6302° — 315004 + 472527 — 945, 

and the first eleven physicists’ Hermite polynomials are: 
Ao(x) = 1, 
Hy (x) = 2z, 

H(z) = 4a? — 2, 
H3(x) = 82° — 122, 
Ha(a) = 16x — 48x? + 12, 
Hs(x) = 32a° — 1602? + 1202, 





He(x) = 642° — 480x* + 720x? — 120, 
Hy7(x) = 1282’ — 1344a° + 336027 — 16802, 
He(x) = 256a° — 3584x° + 1344024 — 134402? + 1680, 
Ho(x) = 512a° — 92162’ + 483842° — 8064027 + 302402, 
Hyo(x) = 1024a1!° — 23040x° + 161280x° — 40320027 + 302400x? — 30240. 


Definition 1.6. The sequence of Lucas polynomials is a sequence of polynomials defined 
by the recurrence relation 


L,(2%)=¢ lgit=ar » if n=]; 


2'Dn—1(2)+2°In_o(z) , if n>2. 
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The first few Lucas polynomials are: 


Lo(2) = 2, 
Iy(x) = 2, 
L2(x) a a? + 2, 


L3(x) = x? + 32, 
La(x) = x* + 4x? +2. 
Definition 1.7. In mathematics, the Fibonacci polynomials are a polynomial sequence 


which can be considered as a generalization of the Fibonacci numbers. 


These Fibonacci polynomials are defined by a recurrence relation: 


0 > if n=0; 
Fr(x)=4 1 , if n=1; 


vFy,-1(@) + Fp-o(x) , if n> 2. 


The first few Fibonacci polynomials are: 


Fo(x) = 0, 

F,(x) = 1, 

F(x) =a, 
F3(x) = a2* +1, 


Fy(x) = 2° + 2a. 


Definition 1.8. The polylogarithm (also known as Jonquie’s function) is a special function 
Li,(z) that is defined by the infinite sum, or power series 


zk 
Li,(z) = S- ‘a 
k=1 


It is in general not an elementary function, unlike the related logarithm function. The above 
definition is valid for all complex values of the order s and the argument z where | z |< 1. 


Definition 1.9. Generalized ordinary hypergeometric function of one variable is defined 
by 





41,42,°°* ,;@A 5 oS k 
ae 2 | a5 (eadalaada (aad 
(bi) R(b2)e +++ (ba) ek! ” 
by, bo, ae bs 3 
or 
(aa) ’ (a; \jat ’ co 
((aa))nz* 
FP = 4F = AM ATIRG | 
AB z ALB , z » ((On)) nel 
(bs) 3 (bj)ja1 3 
where denominator parameters b,, b2, --- , bg are neither zero nor negative integers and A, B 


are non-negative integers. 
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§2. Main indefinite integrals 


sina Ho(x)L1(x)Fi (2) 








d 
Vi-sine . 
1 vx se 
=> FE 2 + 29) ( 085 sin 5) x [ 1)#  9602Lia( - (-1)#e#) — 96 Lis ((-1)*e#) 


L 


—41(42? — 1)aLiy( — (-1)te#) + 40(4x? — V)aLip((-1) te 2: 384urLig( = (i 


WV 
ESI) 
fav) 
|B 
nn" 


—384urLis ((-1)4e*) asi = (-1)#e#) + 8Lis((-1)*e#) a 768Lis( es (-1)#e#) 


( 
+768Lis ((—1) te ) — 224 log (1 ~(-1fe ) + 204 log (1 + (-1)te#) + a? log (1 Bs (-1) te) 





~2?tog (14+ (-)8e#)} (1 — 1)(224 — 16x3 — 972? + 3882 + 776) sin ~ 





+(—1 + 2)(22* + 162° — 972? — 388a + 776) cos ;| + Constant. 


cosa D4(x) a 1 <i 
Vl-—cosax ~ 5/1 — cosa 
4800(a? + 2)aLia( = ef) ~ 160vx Lig (c*) ~ 1920.rLig (c**) “ 1920uaLia( = e) 








n ; so ux? Lip (e*) 4+ 4802? Lig (e-#) = 4802 Lis ( a c) 


—320Lis( 2 c?) + 320Li3 (c?) — 3840Lis (<#) af 3840 Lis ( 7 c?) + va® + 1024 log(1 — e~ ®) 
—1024 log(1 + e*) + 2024 cos 5 ~ 1602° sin 5 + 40x? log(1 — e®) — 40x” log(1 + e*) 


—8802? cos 5 + 35202 sin 5 + 7080 cos 5 + 20 log (tan =) - 161x°| + Constant. 


cosh? x L3(x) C3(x) 





dx 
V1— cosh? x 
oe sinhr{ 672000° Zia( 2" — 1008002? Lis (e?*) + 3360(4a* + 6x? — 3)xLig(e?”) 
1680\/ — sinh? x 


—1680(20x* + 18a? — 3) Li3(e?*) + 302402 Li4(e”) + 100800aLig(e?”) — 15120Lis(e?) 
—50400Li7(e?”) — 64027 + 44802° log(1 — e?”) + 1120x° cosh 2a — 2016x° — 33602” sinh 2x 
+100802:4 log(1 — e?”) + 1092027 cosh 2a + 33602? — 2184023 sinh 22 — 100802? log(1 — e?”) 





+30240x? cosh 2x — 302402 sinh 2x + 15120 cosh 2x + Sun” — 63u7r° — 120008} | + Constant. 


cosa Ly(x) Hy(x) Fy(2) 
Vl—cosz 
1 x 
sin = |48 va? Li 
2/1 — cosa in5| a 


—384:Lig(e~ >) — 384uLig(—e? ) + vx + 82° log(1 — e7 5) — 8x log(1+e7) 


dx 





e7 5) + 48.47 Li2(—e? ) + 192¢Li3(e7 5) — 192xLi3(—e7 ) 





+1623 cos ~ — 96x? sin 5 + 768 sin ~ — 3842 cos : — 8in*| + Constant. 
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cosha Hy(x) B(x) 


V1-—coshz 


2 a -s 
= sinh 5 (8x — 2)Li9(—e=) + (2 — 82) Lig(e=) 


V1—coshz 


+16Li3(—e ) — 16Li3(e ) + 2x7 log(1 — e® ) — 2x? log(1 + e* ) + 4x? cosh 5 


dx 











—rlog(l—e* )+alog(l+e7 )— 162'sinh 5 + 4sinh 5 — 2x cosh 5 + 32cosh 5 




















+Constant. 
[ F(x) q 

———**" dx 

Vl-—cosz 

1 8 6u ‘ x 1 1 1 
_ (-1-4)x in — |2 22 P,( 1: 

Fos 35 )° : sin 5 2 el, gg eg 
1 1 1 3 3 1 1 
5 — e'*) + 2e'*3Fa(5 +46, 5 +.,1; 5 +4, 5 + ue") - (2- xe" 2F ( - = L,, 1; 5 — ue") 

1 3 

+(2 -ae*aFi (5 bols Fb; e*) + (2—14)xe"* 20" + Constant. 

cos x L3(x) 1 : ;| a a 7 ib 

dx = sin — |48 va“ Li (c F) + a80(e + 1)Lin(-e*) 

V1l—cosax 4/1—cosx 2 . ( bia 


Lax 


ADTs (e-#) = 192xLis( io ef) = ABs his (c*) — 384iLig (e-#) = 384.Dia = e) 


+uxt + 82° log (1 2 ce") — 827 log (1 +4 c?) + 162° cos ; — 962? sin ; + 242 log (1 2 c?) 





—242 log (1 + e#) + 672 sin 5 — 336 cos 5 - sin + Constant. 


sin x F\3(x) 








Vv1l—coshaz 
233 1 1 3 3 
ee ee eee eee 
Sia )| OOH) Pal gg PEG Hg He 
1 1 3 3 
—(8 — 6)e?* 3Fa(5 +4, 5 +1,1; 5 +4, 5 + u;cosh + sinh «) 


1 3 
+50{ (2 —0) 2Fi(5 —1,1; gt e*) 


1 3 
+(2+ je oF (5 + 0,1; 5 + u;coshx + sinh x) } + Constant. 





sin x& Fy9(x) 








dx 
Vv1l—coshaz 
4181 1 1 3 3 
=. ee? — 1) — P,( 1: : ) 
35/1 —coshe te )| (8-401) 3Fa(5 bg “tg hg He 
1 1 3 3 
—(8 —61)e?* 3Fa(5 +4, 5 +1,1; 5 +45 + u;cosh + sinh «) + 


1 3 
bard (2 —0) 2Fi(5 —1,1; 574 e*) 


1 3 
+(2+ c)e"” oF, (5 +,1; 5 + t;cosh xz + sinh x) } + Constant. 
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cosh x D2(x) Co(x) dx 
Vv1-—coshz 


: —=- sinh : [02° Liz(e3) + 48027 Li3(—e* ) — 4802? Li3(e?) 
+20(42? + 3)xLiz(—e? ) — 60xLiz(e= ) 

+1920aLi4(—e= ) + 1920rLi4(e?) + 120Li3(—e™ ) 

—120Li3(e= ) + 3840Lis(—e@ ) — 3840Lis(e?) — 2° 

—10x* log(1 + e= ) + 1024 log(1 — e?) + 20x4 cosh 7 — 160? sinh 5 








415a? log(1 — e®) — 152” log(1 + e =") + 99022 cosh 5 


~39602 sinh . +7900 cosh ; — 10 log (tanh =) iS 16en°| + Constant. 


§3. Derivation of the integrals 


Involving the method of same type of [6] , one can derive the integrals. 


84. Conclusion 


In our work we have established certain indefinite integrals involving Fibonacci polyno- 
mials, Lucas polynomials, Bernoulli polynomials and Hermite polynomials. We hope that the 
development presented in this work will stimulate further interest and research in this important 
area of Mathematics. 
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Abstract Basing on the priori assumption principle, the main goal of this paper is to propose 
the rational expansion method that can be used to handle the exact solution of the nonlinear 
partial differential equation. It is extension of tanh function method. As an application, three 


classes of exact solutions to Klein-Gordon-Schrédinger equation are obtained. 


Keywords Klein-Gordon-Schrédinger equation, exact solution, tanh function method, 


rational expansion method. 


§1. Introduction 


The investigation of exploring the exact traveling wave solutions of nonlinear mathemat- 


solution of the simplified nonlinear PDE, equation has the following form. 


Omi (E)” + dm f (6) * + + a 
Ding (6) T beagi © aa bo 





u(g) = 














ical physics equations plays an important role in the study of the solitary wave solution. Up 
to now, a variety of methods, such as inverse scattering method, Backlund, transformation 
method, Hirota, bilinear method, homogeneous balance method and tanh method [1-5]. The 
tanh method is one of the most direct and effective algebraic for computing the exact traveling 
wave solution. In this paper, we extend the method by replacing tanh function with some other 
functions f(a), such as polynomial function, trigonometric and elliptical function, where the 
choice of the function f(x) is different according to equation. Similarly to the steps introduced 
in [6], we can get the exact solution for equation, namely, assume that after simplifying the 


(1) 


Then the solution can be obtained by using the above method and this develops the tanh 


method. 
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§2. The extended tanh method 
Consider the nonlinear PDE 
F(u, Ut, Ua, Ura, +++) = 9, (2) 


with two variables x, t. Let u(x,t) = U(é), € = a —Vt be its travelling wave solutions, where 
the wave velocity V is a coefficient to be determined later, then equation (2) can be simplified 
to a nonlinear ODE 


G(U,U ,U,-+-) =0. (3) 


Assume that the solution of equation (3) has the form of (1). Substituting (1) into (3), 
then m can be determined by balancing the linear terms of the highest order in the resulting 
equation with the highest order nonlinear terms. This will give a system of algebra equations 
involving a;,b;(¢ = 0,1,--- , 2m) and a. 

Let the function f(x) be e®*, then the main steps for achieving the above method is as 
following. 

Step 1 Suppose that equation (2) has the wave traveling solution u(a,t) = U(é) = U(a — 
Vt). Then equation (2) can be simplified to a nonlinear ODE (3); 

Step 2 assume that the solution of (3) has the form of (1), then m can be determined by 
using the balance method; 

Step 3 substituting (1) into (3), we get a rational fractional equation 


P(e*) = 0, (4) 


which is just a polynomials of exponential e%§; 

Step 4 collecting all the terms with the same power of e%§ yields a set of algebraic system 
for a;,b;(i = 0,1,--- ,2m), a, where a;,b;(¢ = 0,1,--- , 2m), a@ are coefficients to be determined 
later; 

Step 5 applying some mathematical package, for example, Mathematica, Maple, and etc., 
we can deal with the above tedious algebra equations and output directly the required solution. 
Further, substituting the solution into (1) and letting, € = «—Vt, we can get the exact solution 
of equation (2). 


§3. The exact solutions of Klein-Gordon-Schrodinger equa- 
tion 
KGS equations 


ide + 5A = —4y), 
du —Ad+m¢ = |p). 


(5) 


is a classical model which reflects the interaction of nucleon-field and meson-field, where A is a 
n, dimensional Laplace operator, y is scalar complete nucleon-field and ¢ is meson-field !!. In 
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[8] the author had proved that the steady-state solution of equations (5) has the form 


(W(x, t), P(x, t)) = (eux), v(x), (6) 


where x € R3, w € R. We will take into account the exact solution of equation (5) by using the 
technique basing on the expansion of the rational function method. 

Here we only focus on the (1+1) dimensional equation, the discussion for (1+-n) dimensional 
equation is similar and is omitted. Consider the following equation 


1 
iW - 7 Pee = — oy, 
dit ~ ua + m =e pl?. 


(7) 


where w is complex. Assume that 
p = eu(a,t), (8) 


where 7 = ax + Gt and a, are coefficients which will be determined later. Substituting (8) 
into equations (7) yields 


ut + QU, = 0, 
Ute + 2ud — (a? + 28)u = 0, (9) 
out = dea ae mo — u? = 0. 


Let u(x,t) = U(€) = U(ka + wt), V(E) = o(ka + wt), where k and w are coefficients to be 
determined later. Then we obtain a simplified ODE. 


Ue =0, 





Use + 2UV (a? + 28)U =0, (10) 
k? = w? 
wk? 





Vee +m?V —U? =0. 


Suppose that the solution, U(€) and V(&), for equations (10) are expansion of a second or- 
der differential function, then we can get the exact solution of equations (9) basing on the 


homogeneous balance principle. 


84. Main result 


1. Suppose that the solution for equations (10) has the following form 























Qme™ + dm 6" $a 
U(§) = Fon mc i 
bm€ Te bm—1& me bo (11) 
VEG) = one tomar 
7 dmé™ Tr dm—16™—! cas do’ 
where a;, b;, c;, dj (t = 0, 1, ---, m) are coefficients to be determined later. By comparing 


the highest derivative term with the highest nonlinear term in homogeneous balance equations, 
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we get m = 2. Thus equation (10) has the solution of the following form 




















_ a€? + bé +e 

ut) - ss g& h’ (12) 
vie) = of + pS +4 
ré2 + sE+w’ 


where a, b, c, f, g, h, 0, p, q, T, 8, ware coefficients to be determined later. Substituting (12) 
into (10), we get a rational fractional equations which is just for €. Collecting all the terms 
with the same power €* and letting their coefficients be zero yields a set of algebraic system 
for, a, b, c, f, g, h, 0, p, g, 7, 8, w, k, a, B, w. Using Maple package, we can deal with the 
above algebra equations and output directly the required solution. Further, substituting the 
solution into (12) and (8), we obtain the following exact solution for equation (7). 


























h 
Case 1. o=a=b=p=f=0, s a r=r,m=m, k=k, g= 9, h=h, w 
g 
h2r ie(—*+t)t km 
— = +1, c= igk =k =-l1,q=-k? t) = t) = 
- ’ B > € wgrm, W > a > q r, V1 (z, ) g (kx + kt) +h’ on (x, ) 


—k?g? 
(g (ka + kt) +h)? 





2 
Case 2. 6B =i, q= —k’r, b=ifkm, f=f,a=h=c=o=p=0, w Hes gi 


f?? 
ie’*—* fm - 
f (ka — kt) tq’ oo (x,t) = 








2g9r 





,w=-k,a=1,m=m,r=r 
—k? f? 

(f (ka — kt) +9)” 

Case 3. 6 =i, q=—k?’r, b=ifkm, f= f, a=h=w=s=0=p=0, c=ikmg, w= 


’ k k, g g, We (x, t) = 












































| -1 
—k, a 1, m m, 7 r, k k, g 9, w3 (z, t) = piss 3 (x, t) = 7. p2° 
xz—t (a — t)? 
ike 2 
Case 4. q= —Kr, c=, b= ifkm, f f, a=o=p=0, B +1, w= Tp 8= 
2 . tet 
2. h= 2 7 a= 1, WwW k, m m, 7 r, k k, g 9; wa (2, t) = <4 (a, t) = 
f 4 a—t 


—Ak? f? 
(2 f (kx + kt) +)” 
























































_ —b Lb 
Case 5. f=f,c=c,b=b, h te o=p=0,k ap Path w= 
r (c? f? —2bgcf + bg”) oF ab —2r (cf — bg) _ _ _ 
fe ep ae fb ,a=-lm=m r= 
—i(aFt) p2 bt 
e m 
Yr, =49; et Sa ’ x,t = ; 
GVENAD) ib? (x + t) —efm + bgm ee (ib? (c +t) — cfm + bgm)? 
_ o b = 
Case 6. BG =i, f=f,h toe o=p=0,k aw = ow = 
r ch ia —2bgcf + bg?) ber —2r (cf — bg) 
,q= ,c=c,b=b, s = —  —~ a=1,m=m,r 
be f2 ey) b 
/ ala : bt 
Tr, G9=4Y9; We (a, t) = ’ #6 (z,t) = 








ib? (x — t) —cfm+bgm (ib? (aw — t) — cfm + bgm)* 
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2. Suppose that the solution of equations (10) has the following form 
U(é) = Qe, (tanh £)" + dyn —1 (tanh £)™—! + --- + ag 
bm (tanh €)™ + by_1(tanhé)™—-1 4... 4 Ba? ms 
V(é)= Cm (tanh €)™ + Cm—1(tanh €)™~1 + --- + ¢9 
~ din(tanh €)" + dyn—i(tanh €)"™—! === do’ 
where a;, b;, ¢;, dj (i = 0, 1, --- , m) are coefficients to be determined later. By comparing 


the highest derivative term with the highest nonlinear term in homogeneous balance equations 
of equations (10), we get m = 2. Thus equation (10) has the solution of the following form 


_ a(tanh €)? + btanh € + 
U(é) = f (tanh €)? + gtanh€ + h’ (14) 
vie) = o(tanh £)? + ptanh€ + q 

~ r(tanh€)? + stanh€+ w’ 














where a, b, c, f, g, h, 0, p, g, T, 8, w are coefficients to be determined later. Substituting 
(14) into equations (10), we get a rational fractional equations which is just for tanh €. 

Collecting all the terms with the same power of tanh € and letting their coefficients be zero 
yields a set of algebraic system for a, 6, c, f, g, h, 0, p, g, T, 8, Ww, k, a, 8B, w. Using 
Maple, package, we can deal with the above algebra equations and output directly the required 
solution. Further, substituting the solution and 7 = aw + Gt, € = kx +wt into (14) and (8), we 
obtain the following exact solution for equation (7). 


—w (24 k? f? — g?a — g?B?) 4fw 




















Case 1. g= ,w=-ak, s= ; b=m=0, f 
29? g 
2 + 2? 2 2f? + p? 
f, c= 6, ka? f — 6, Piece) 4 os cee aD gy, fa 
2 e i(ax+ t) 1.2 2 2 ) 
4 few 24e\O® ke f* (ar -—1 
B, w= Ww, r= , k=k, = ,w x,t = ,@ x,t = 
Vv ee) (2 f tanh (—kx + a kt) — g)? vet) 





(—2 f tanh (—ke + w kt) + 9)" (a+ 67) — 244? f? 
(2 f tanh (—ka + akt) — g)? , 
2 









































h 
Case 2. h=h, w=, B =i, q=—K?r, f 0,a=b=o0=p=0,w=-k, s= 
g 
2hr ie’®—*gkm 
—,c=i 1 k t)h= a 
g »€ igkm, a > Mm m,r r, k >@g g; Ws (z, ) Fe (wt) 
—k?g? 
(gtanh(ka — kt) +h)” 
ik; 
Case 3. B= i,q = Kr, c= 4, b = ifkm, f f,a@=o=p=0,w 
2 
rg gr g 
ae ee ge Ty m, 7 r, k k, g 9, Wo (x,t) = 
Qie’*—* fkm —Ak? f? 








, x,t) = , 
2 ftanh(ka — kt) + g ee (2 f tanh(ka — kt) + g)? 
3. Suppose that the solution of equations (10) has the following form 




















Ames + Om— e(M™-lE4... 44 
U(§) = 5 ome GEE < 

bme eo bm—1e ( Dé 4 ee te bo (15) 
ViO= Cre? CR —1e sees ep 


dm (ems + dm —el™— DE oe do’ 
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where aj, b;,¢;,di(4 = 0,1,--- ,m) are coefficients to be determined later. By comparing the 
highest derivative term with the highest nonlinear term in homogeneous balance equations for 
(10), we get m = 2, namely, equation (10) has the solution of the following form 














2€ g 
U(e) = ae be§ + € . 
fer + ge& +h (16) 
GQ 


re + se& +w’ 


where a, b, c, f, g, h, 0, p, g, T, 8, w are coefficients to be determined later. Substituting 
(16) into equations (10), we get a rational fractional equations which is just for e&. Collecting 
all the terms with the same power of e§ and letting their coefficients be zero yields a set of 
algebraic system for a, b, c, f, g, h, 0, p, g, 7, 8, w, k, a, B, w. Using Maple, package, we 
can deal with the above algebra equations and output directly the required solution. Further, 
substituting the solution and 7 = ax+(t, € = ka+wt into (15) and (8), we obtain the following 
exact solution for equation (7). 





2. 
Case 1. g = —K?r, b= ifkm, f=f,a=h=c=0=p=0,w=-4, B=H1, s= 



































2g9r = ie(—#+4) fhm 

—,a=-lw=k,m=m,r=r7r,k=k, 9 = 9, t10(2,t) = Felt) + g’ 10 (x,t) = 
—k?g? 

(ge(se—kt) i. h)” 

Case 2. g = —k*r, b= ifkm, f=f,a=s=w=h=o=p=0, B=4l, c= 
ik a k k=k ee ea ee 
tnmg, @ = —1, Ww > ™m m, 7 Tr, > @g 9 Vi (@,t) = tear) 4 g’ eu x, _ 

—k? 
e2(ka-+kty * 


Remark 4.1. We claim that the tanh method can be extended by replacing tanh function 
with some generalized functions f(x), such as polynomial function, trigonometric function and 
Jacobi elliptical function. As an example, we obtain three classes exact solutions for KGS 
equation. 
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Abstract The J-total coloring of a graph G is an assignment of some colors to its vertices 
and edges such that no two adjacent vertices receive the same color and no two adjacent edges 
receive the same color. Under an J-total coloring of G, the color set of a vertex x of G is 
the set of all colors which are assigned to vertex x or the edges incident to xz. An I-total 
coloring is called adjacent vertex distinguishing if any two adjacent vertices have different 
color sets. The minimum number of colors required in an adjacent vertex-distinguishing J- 
total coloring is called adjacent vertex-distinguishing J-total chromatic number. The adjacent 
vertex-distinguishing J-total chromatic number of Ladder graph is discussed in this paper. 
Keywords Ladder graph, adjacent vertex-distinguishing, [-total coloring, adjacent vertex-dist 


-inguishing, /-total chromatic number. 


81. Introduction and preliminaries 


Coloring is a important research area of graph theory. Some new colorings of graphs are 
produced from applied areas of computer science, information science and light transmission, 
such as vertex distinguishing proper edge coloring |], adjacent vertex distinguishing proper 
edge coloring 7! and adjacent vertex distinguishing total coloring 4] and so on, those problems 
are very difficult. Recently, Zhang et al. © propose the adjacent vertex-distinguishing I-total 
coloring of graphs. In this paper, we obtain the adjacent vertex-distinguishing [-total chromatic 
number of ladder graph by constructing method. 

Definition 1.1. [! A proper total k-coloring of G is a mapping 7 : V(G) U E(G) > 
{1,2,---,&} such that two adjacent elements of V(G) U E(G) are assigned distinct colors, and 
the incident elements are dyed different colors. Let C(u) = {m(u)} U {m(uv)|uv € E(G)} for 
any vertex u € V(G). If C(u) 4 C(v) for w € E(G), we say that 7 is an adjacent-vertex 
distinguishing total k-coloring (a k-AV DTC) of G. The minimum number such that G admits 
a k-AVITC, denoted by xXat(G), is called the adjacent-vertex distinguishing J-total chromatic 
number of G. 

Conjecture 1.1. |! For a simple graph G, then ya:(G) < A(G) +3. 

Definition 1.2. |) A total k-coloring of G is a mapping m : V(G) U E(G) — {1,2,--- ,k} 
such that two adjacent elements of V(G) U E(G) are assigned distinct colors. Let C(u) = 
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{z(u)} U {r(uv)|uv € E(G)} for any vertex u € V(G). If C(u) 4 C(v) for uw € E(G), we 
say that 7 is an adjacent-vertex distinguishing I-total k-coloring (a k-AVDITC) of G. The 
minimum number such that G admits a k-AV DITC, denoted by y',,(G), is called the adjacent- 
vertex distinguishing J-total chromatic number of G. 

Definition 1.3. '°! Suppose G = (V, E) is a ladder graph such that: 

V(G) = {ui,viji = 1,2,---,n}, ECG) = {urun} Ufoien} Uf{uimigale = 1,2,-+-,n - 
1} Ufoivigalé = 1,2,--- 52-1} Uf{uivili = 1,2,--- ,n}(n > 3). 

Conjecture 1.2. |] For a simple graph G, then y',(G) < A(G) +2. 

Undefined terminologies and notations follow [6,7]. 


§2. Riesz idempotent 
Lemma 2.1. |! For a simple graph G, there is 


xi(G) > A. 





If du, v € E(G), and d(u) = d(v) = A, then 


xi(G) > A+1. 


§3. Main results 


Theorem 2.1. Let G be a ladder graph, then 
xie(G) =A. 


Proof. According to the definition 1.2 of ladder graph, there is A(G) = 3. Furthermore, 
we have y’,,(G) > 4 through the lemma 2.1, in order to prove x;(G) = 4, we only need to give 
a4-AV DIT coloring. At this moment, we define the coloring function 7 as following: 


1, i=1 (mod 3); 
T(tw)={ 2, ¢=2 (mod 3); ¢=1, 2, ++, n=1. 
3, 71=0 (mod 3). 


1, i=1 (mod 3); 
T(uitiga) = 4 2, 1=2 (mod 3); i=1, 2, ---, n—-1. 
3, 7=0 (mod 3). 


2, 1=1 (mod 3); 
T(u)={ 3, 4=2 (mod 3); i=1, 2,---, n—-1. 
1, 1=0 (mod 3). 
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2, 1=1 (mod 3); 
T(VVji44) = 3, 1=2 (mod 3); 7=1, 2,---, n—1. 
1, 1=0 (mod 3). 


m= 3, n=0 (mod 3). 
1, n #1 (mod 3); 
T(Un) = 
4, n=1 (mod 3). 


The others are colored by 4. 

Especially: 

(1) When n = 1 (mod 3), we need to adjust 7 as following: 

T(v2) = 1, T(v3) = 3, T(Un—2) = 1, T(Un-1) = 3, T(us) = 4, T(Un—1) = (when n = 4, 
T(ug) = T(Un—1) = 1), T(u1v1) = 3, T(UnUn) = 2. 

(2) When n = 2 (mod 3), we need to adjust 7 as following: 

T(u1) = 3, T(u3) = 4, T(ve) = 1, T(v3) = 3. 

And 

Clu) = | {1,3,4}, n #2 (mod 3); 
{1,2,3,4}, m= 2 (mod 3). 


{1,3,4}, «=1 (mod 3); 
C(ui) = {1,2,4}, i=2 (mod 3); 1=2, 3,---, n—-1. 
{2,3,4}, «=0 (mod 3). 
Besides, when n = 1 (mod 3), C(un_-1) = {1, 2,3, 4}. 


cin) | {2,3,4}, n#2 (mod 3); 
{1,2,4}, n=2 (mod 8). 


{1,2,4}, n=0 (mod 3); 
{2,3,4}, n£0 (mod 3). 
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{1,2,3,4}, n #0 (mod 3); 
C(v2) = 
{2,3,4}, n=0 (mod 38). 
{1,2,4}, «=1 (mod 3); 
Civ)=4 {2,3,4}, =2 (mod 3); i=3, 4, ---, n—-1. 
{1,3,4}, 7=0 (mod 3). 


Besides, when n = 1 (mod 3), C(vp_2) = {1, 2,3, 4}. 


{1,3,4}, n=0 (mod 3); 
C(t.) =< {1,2,4}, 2=1 (mod 3); 
{1,2,3,4}, nm =2 (mod 3). 


It is obvious that no two adjacent vertices of sets are same, so 7 is a 4-AV DITC of G. 
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Abstract Let 7° (n) denote the number of exponential divisor of n. Similar to the general- 
ization from d(n) to dg(n), we extended 7‘ (n) to (rf? (n))*—!. The aim of this paper is to 
establish a short interval result for the function (78°) (n))?. This enriches the properties of the 
exponential divisor function. 
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81. Introduction 


In 1972, M. V. Subbarao ©! established the definition of exponential divisor: Let n > 1 
be an integer of canonical from n = II$_,p%*. The integer d = IIS_,p}* is called an exponential 
divisor of n if b;|a; for every 7 € {1,2,--- ,s}, notation: d|en. By convention 1|-1. Besides, 
he also studied the mean value problem of exponential divisor function 7°(n) = >> djen and 


obtained: 


S07 (n) = Ax + E(a), 


n<ux 
where E(x) = O(x?2). 
J. Wu ©! improved the result of M. V. Subbarao and obtained 
oy r()(n) = Az + Bx? + O(a? log 2), 
nN<ux 


where 





* d(a) —d(a-1 
a= 1 (245 (a) a ). 


a-T(1+3 2 d(a —1) —d(a zat) 
Pp a=5 








pa/2 
M. V. Subbarao © also proved that for any integers r, we have the estimate 


Yr (ny) ~ Aye, 


n<ux 
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where 





fen) 
=|[ [1+ 5 
Pp ( a=2 

L. Toth |:2] proved 


Sir") (n)) = Ax + ¢'/? Por_o(log x) + O(x""t*), 

n<ux 

grti_y 

art24 1° 

Similar to the generalization from d(n) to dg(n), we extended r“°)(n) and established a 





here P2r_2(t) is a polynomial of degree 2” — 2 of t, u, = 


definition as follows: 
k-1 
(mm) = | TT ae(ar)} RE. 


pit |ln 


Obviously h(n ) = 7‘ (n). In this paper we studied the case of k = 3 which means to study 


the properties of (7§(n))? and obviously (7{°(n))? is a multiplicative function. The aim of 


this paper is to study the short interval case of (7{ (n))? and prove the following theorem. 


Theorem 1.1. If 25 +?¢ < y <x, then 


S> (78 (n))? = ery + O(ya 8 + 23429), (1) 


a<n<aty 


(e) 
where cy = Res,=1F(s) and F(s) := 0 (73° (n))*_ 


=i ine 
Notations. Throughout this paper, ¢ always denotes a fixed but sufficiently small positive 
constant. We assume that 1 < a < b are fixed integers, and we denote by d(a, b; k) the number 
of representations of k as k = ning, where 1,2 are natural numbers, that is, 


d(a, b; k) ia eee 


k= non’ 


and d(a,b;k) <« n© will be used freely. 


§2. Proof of the theorem 


In order to prove our theorem, we need the following lemmas. 


Lemma 2.1. Suppose s = o + it is a complex number (Js > 1), then 





2 (78) (n))2 s)C? (2s 
Sw? _ LICR) 6) 


¢3(5s) 


where the Dirichlet series G(s) :-= 7°, 2@ is absolutely convergent for Rs =o > z. 


n=1 ns 
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Proof. Here 7£(n) is multiplicative and by Euler product formula we have for o > 1 that 























yo wy 
- (+2 CGAY, CMAP , WAY, 
7 H( as) wy - ey i a a esis)" . 
= TD pe ee ) 
= Lakota = - ) 
= t9@@o TT 0— g— part gee +) 
- 3 ae NG 5 ) 
= Baar OO (2) 


Now we write G(s) := 77°, a It is easily seen the Dirichlet series is absolutely con- 
vergent for Rs =a > é 


Lemma 2.2. Let k > 2 be a fixed integer, 1 < y < x be large real numbers and 


B(ax,y;k, 6) = S- 1. 


a<nmk<a+y 
m>a 


Then we have 
B(x, y;k,€) < ya~* + x FT logs. (3) 


Proof. This lemma is very important when studying the short interval distribution of 
1-free number; see for example [4]. 

Let ai(n), a2(n), ag(n) and a4(n) be arithmetic functions defined by the following Dirichlet 
series (for Rs > 1): 








yO) = Ks)@(9). (4) 
= a2 (n) 
do ape = (28) (5) 
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> a(n) — 7-27 
ps wae = $ (58). (7) 
Lemma 2.3. Let aj(n) be an arithmetic function defined by (4), then we have 


y> ai(n) = Cx + Oat), (8) 
n<ux 
where C = Res,=1¢(s)G(s). 
Proof. Using lemma 1.1, it is easy to see that 


S lg(n)| << get’, 


n<u 


Therefore from the definition of g(n) and (4), it follows that 


doar) = SS a(n) (9) 


ss S- a(n) 1 (10) 
= Yan +00) (11) 
= Cx +0(28*9, (12) 


and C = Res,=1¢(s)G(s). 
Next we prove our Theorem. From lemma 2.3 and the definition of a;(n),a2(n), a3(n) and 
a4(n), we get 


(78 (n))? = Sax (m1)az2(n2)a3(ns)a4(n4), 


n=Nn1 n3 nn} 





and 

ay(n) K n® ,a2(n) K n™,a3(n) Kn ,a4(n) K n°. (13) 
So we have 

S> (in - S27)? = S- a1 (ny) a2(n2)a3(n3)aa(n4) 
n<aty n<x x<nin3ngn<at+y 
= 55+0(95+55+5>), (14) 
1 2 3 4 

where 


el) 
I 


S- A2(Nz)a3(n3)a4 (74) > ay(n1), 





a1(n1)a2(n2z)a3(n3)aa(na)|, 


oly 
I 


a<nynndnh<aty 
ng>x 


S- a1(n1)a2(n2z)a3(n3)aa(na)|, 


a<nyngndnh<aty 
ng>xé 


aly] 
I 











a1(n1)a2(n2z)a3(n3)a4(n4)|. (15) 


abd 
I 
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In view of lemma 3, 


», ~ >; tn(na)aa(na)aa(n) ( a 5 +O( _ ai) 


1 nacae NgN3M4 Neng 


ng See 
ng See 


= ayo (1 > aalta) pS asl) pS se) 


ne>xe 2 n3>x® 3 na>xe 


Dare a2(n2) a3(ng) a4(14) 
+ Of xs Sy 1/342e » 2/3+4e > 5/6+5e 


Ng <x No ng Sat '°3 Na Sate '°4 














= cytO (yx 8a 6a 5) +O (x? *aicéas ) 





= cyt O(ya? + g3t3), (16) 


where c, = Res,-1F(s). 


So « S>  (ninangna)® 


2 a<nynangn}<aty 


<K «x S- i 


a<nyngnan}<aty 
ng >xe 


<K x 5 d(1,4;m1) 
a<mynen}saty 
ng >xe 


K a ye 1 


a<myn3n}<aty 
ng>xé 


<K we S- d(1,5;m) 


a<mn3<aty 
ng>ax& 


K «Bla, y;2,6) 
< 2° (yx © + x5 + log 2) 
<K yoni + ast, (17) 


Similarly we have 


byleo 


So Kyo b+ cbt 8, 
3 


SK yor + oo 2, (18) 
4 
Now our theorem follows from (9)-(14). 
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81. Introduction 


Let G be a connected graph with n vertices and m edges. Let the vertex set of G be 
V(G) = {v1, v2,...,Un}. The degree of a vertex v in G is the number of edges incident to it and 
is denoted by degg(v). If degg(v) = 1 then v is called a pendant vertex or a terminal verter. 
The distance between the vertices v; and v; in G' is equal to the length of a shortest path joining 
them and is denoted by d(v;,v;|G). The diameter of a graph G, denoted by diam(G) is the 
maximum distance between any pair of vertices of G I. 

The Wiener index W = W(G) of a graph G is defined as the sum of the distances between 
all pairs of vertices of G, that is 


W=W(G)= So d(vi,v,|G). 


1<i<j<n 


This molecular structure descriptor was putforward by Harold Wiener 4) in 1947. Details 
on its chemical applications and mathematical properties can be found in [4, 10, 17, 23). 

In 1988, Hosoya !!*) introduced a graph polynomial H(G, \), defined as, if G is a connected 
graph with n vertices and m edges, and if d(G,k) is the number of pairs of vertices of G that 
are at distance k, then 


H(G,) = > d(G,k)M. (1) 


k>1 


Hosoya called it the Wiener polynomial because H’(G, 1) = W(G) where H’(G, 4) denotes 
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the first derivative of H(G, 2). But most contemporary authors call it the Hosoya polynomial 
in [6, 9, 14, 15, 18, 22]. 

Recently the terminal Wiener index TW(G) was putforward by Gutman et al. &. The 
terminal Wiener index TW(G) of a connected graph G is defined as the sum of the distances 
between all pairs of its pendant vertices. Thus if Vr(G) = {vj, v2,..., ux} is the set of pendant 
vertices of G, then 

TW(G)= SY) d(vji,v,IG). 
1<i<j<k 
For recent work on the terminal Wiener index, see [3, 7, 12, 16, 19]. 
In analogy of (1), we define the terminal Hosoya polynomial TH(G, X) of a graph G as 


H(G,d) = ¥— dr(G,k)*, 


k>1 


where dp(G, k) is the number of pairs of pendant vertices of the graph G that are at distnce k. 
It is easy to check that TH'(G,1) = TW(G), where TH’(G, X) is the first derivative of 
TH(G,X). In this paper we obtain the terminal Hosoya polynomial of thorn graphs. 


§2. Terminal Hosoya polynomial of thorn graphs 


Let G be a connected n-vertex graph with vertex set V(G) = {v1,v2,--+ ,Un} and let 
P = (pi, p2,°:: ,Pn) be an n-tuple of nonnegative integers. The thorn graph Gp is the graph 
obtained by attaching p; pendant vertices to the vertex v; of a graph G fori = 1, 2, ---, n. 
The p; pendant vertices attached to the vertex v; will be called the thorns of 1;. 

The concept of thorny graph was introduced by Gutman"! and eventually found a variety 
of applications in [1, 20, 21, 22]. 


Theorem 2.1. Let G be the connected graph with vertices v1, v2, ++: , Un. Let Gp be the 
thorn graph obtained by attaching p; pendant vertices to the vertex vu; of G,i=1, 2, +--+, n. 
If pj; > 0 for alli=1, 2, ---, n, then 

“ (p 
i\\2 2+d(v;,0;|G 
TH(Gp,,) =) (ma + Ss paps rA2tAernral) (2) 
i=1 1<i<j<n 
Proof. Consider p; thorns attached to a vertex v;, i =1, 2, --- , n. Each of these are at a 


distance two. Thus for each v;, there are ) pairs of vertices which are at distance two. This 
leads to the first term of (2). 


For the second term of (2), consider p; thorns vj, v5, ---, v}, attached to the vertex v; 
and p; thorns vj, v3, ---, oo attached to the vertex v; of G, i # j. In Gp, 
d(vi,, vf |Gp) =2+d(vi,vj|G), k=1, 2, ---, ppandl=1, 2, ---, py. 


Since there are p; x p; pairs of thorns of such kind, their contribution to TH (Gp, A) is equal 
to pipjA2 F414 A j. This leads to the second term of (2). 

(2) remains unchanged if some p;’s are equal to zero, provided that the corresponding 
vertices of the graph G are not pendant vertices. 
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Corollary 2.1. Let G be the connected graph with n vertices. If pj = p > 0, i = 
1, 2, --- , n, then 


-1 
TH (Gp, d) _ mph. )y2 +p?» S- ave 9 1G), (3) 
1<i<j<n 
Corollary 2.2. Let G be the complete graph on n vertices. If pj =p >0,i1=1, 2,---,n. 


Then 


TH(Gp,d) = 





np(p—1) yo, pn(n—1)\5. 

2 2 

Proof. If G is a complete graph then d(v;, v;|G) = 1 for all u;, vj € V(G), i # j. Therfore 
from (3) 





—1 
TH(G,, d) = mpd y2 a pr S- d 
1<i<j<n 
_ mp(p—1),., pn(n—1)\3 
= 5 aN 5 ae 





Corollary 2.3. Let G be the connected graph with n vertices and m edges. If diam(G) < 2 
and pj = p>0,i=1, 2, ---, n. Then 


si =| 
TH(Gp,) = mPa 92 + mp*d? + a Le m) oN 


Proof. Since diam(G) < 2, there are m pairs of vertices at distance 1 and (5) — m pairs 
of vertices are at distance 2 in G. Therefore from (3) 


TH(Gp,A) = me 1) 2 4 pa? SoaAt+ SS 
m(3)—m 
mee 1) 25 pe (ma ((5) _ m) x) 


= np(p — 1) yo mp?r3 a m) pat 








2 2 


Bonchev and Klein [4] proposed the terminology of thorn trees, where the parent graph is 
a tree. In a thorn tree if the parent graph is a path then it is a caterpillar [1]. 


Let Pj2 be the path on 1+ 2 vertices, 1 > 1, labeled as uj, ue, ++: , UW, Ui41, Wi4+2, Where 
u; is adjacent to uj4i, 7 = 1, 2, ---, 1+1. Let T = T(pi, po,--- ,p,) be the thorn tree obtained 
from Pi42 by attaching p; > 0 pendant vertices to uj41,i=1, 2, ---, 0. 


Theorem 2.2. For a thorn tree T = T(pi, p2,--+ , pi) of order n > 3, the terminal Hosoya 
polynomial is 


TH(T,A) = aA + ad? +--+ + ay, 
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where 
ay = 0, 
1 6: 
—_ u 
a = > (%) + Pit Pty 
i=1 
I-k+2 
an = Yap 2+ DPr-it pik. 3<k<l, 
i=1 
a4. = (pr +1)(m +1). 
Proof. Let A = {u1,U2,°°° ,UL41, Ui+2}, B; = {vi1, Vi2,0* Via} C— 1, 2, ary 1 and 
B=Ul_, Bi. 


There is no pair of pendant vertices which is at distance 1 in T. Therefore a, = 0. 

Every pair of pendant vertices of B;,i=1, 2, --- , l is at distance two. Also there are p; 
pairs of pendant vertices at distance two from the vertex u; and p; pairs of pendant vertices at 
distance two from wj+2. Therefore 


l 
_ Pi 
a= (B)+ntm 
4=1, 
For ax, 3 << k <1, d(u,vo|T) = kif u € B; and v € Byyz-2, i= 1, 2, ---, Ll. There are 
Di X Pitk—2 Such pairs of pendant vertices which are at distance k. Also p,_1 pairs of pendant 
vertices are at distance & from u; and pj_z42 pairs of pendant vertices are at distance k from 


ui+1- Therefore 
I-k+2 


n= >> piise-ot+PeitPies, 3<h<L 
i=1 
Now d(u,v) =1+1ifue By Uf{ui} and v € ByU{ui42}. Therefore aj41 = (p1 +1)(p, +1). 
Thorn star is a graph obtained by attaching pendant vertices to the vertices of star Ky,» 
except to its central vertex. 
Theorem 2.3. Let the thorn star Kj, is the graph obtained by attaching p; > 0 pendant 
vertices to the i-th pendant vertex of a star Ky», n > 2, then 


PAG as X) = a,r + ar? + tiga? + jax, 


where 


ay = 0, ag >= S- @ a3 = 0 and ag = S- PiP;- 


i=l 1<i<j<n 


Proof. Similar to the proof of theorem 2.2. 

If C;, is the n-vertex cycle labeled cosecutively as ui, U2, ++: , Un, then the thorn ring C* 
is obtained from C,, by attaching p; pendant vertices to the vertex u;,i=1, 2, +--+, n. 

Theorem 2.4. For a thorn ring C* 


n) 


n > 3, the terminal Hosoya polynomial is 


TH(C;,, A) =ajA+ and? Se Gin/2j42rr/2l+? 
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where, if n is odd, then 


and 
n—k+2 


= 2 PiPitk—2 + - PiPi-n+k-2; 3<k< [n/2] +2 
i=n—-—k+3 


and if n is even, then 


n—k+2 


ane” PiPitk—2 + 3 PiPi-nt+k-2; 38<k< (n/2) + 1, 
i=n—-k+3 


and 
n/2 


Q(n/2)+2 = = 2 Pibivin/2y 


Proof. The proof is analogous to that of theorem 2.2. 
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81. Introduction 


The theory of a special function has been in existence since nineteenth century due to the 
contributions of some reputable authors like Gauss, Jacobi, Franklein see [21] and some others. 
This function does not have a specific definition but it is a branch of Mathematics which is of 
utmost important to scientist and engineers who are concerned with Mathematical calculations. 
Special functions have a wide application in physics, Computer, engineering etc to mention just 
a few. 

In twentieth century, the theory of special function has been overshadowed by other fields 
like real analysis, functional analysis, algebra, topology, differential equations. These functions 
also play a major role in geometric function theory. 

Activation function is an information process that is inspired by the way biological nervous 
system such as brain, process information. It composed of large number of highly interconnected 
processing element (neurons) working together to solve a specific task. This function works in 
similar way the brain does, it learns by examples and can not be programmed to solve a specific 
task. 

Activation function has a wide application in the real world bussiness problems. It can 
be used in industries to forecast sales and in identifying patterns trend. Also, it can be used 
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in modelling especially in human cardiovascular system, it can also be used in modelling of 
population. More so, it has application in, instant physician, architecture, electronic noses and 
etc. 

Activation function can be categorized into three, namely, ramp function, threshold func- 
tion and the sigmoid funtion. The most popular activation function is the sigmoid function 
because of its gradient descendent learning algorithm. Sigmoid function can be evaluated in 
different ways, it can be done by truncated series expansion, look-up tables or piecewise ap- 
proximation. 


This function is of the form g(z) = It is useful because it is differentiable, which 


1 
is important for weight learning scorn, Neural networks can be used in complex learning 
task. 

Sigmoid functions has the following features: 

(i) It outputs real number between 0 and 1. 

(ii) It map a large domain to a small range. 

(iii) It never loses information because it is one-to-one function. 

(iv) It increases monotonically. 


The aforementioned features enable us to use sigmoid function in geometric function theory. 


§2. Univalent functions 


Univalent function is a function which does not take the same value twice, f(z1) 4 f(<2) 
that is 21 4 22 (21, 22 € D) or otherwise. A function is said to be locally univalent at zp € D, 
if it is univalent at the neighbourhood of zg. Also, a function is analytic univalent if it is a 
conformal mapping. Hence, our concern is the class S' of analytic and univalent function in the 
U = {z:|z| < 1} normalized with f(0) =0 and f’(0) —1=0. 

The fuction g(z) has a Taylor series expansion of the form 


g(z) = bo + byz + doz? + --- > 
which gives 


—b “2 
Bey PO Lo Sag b; £0, 
1 k=2 


then 
f(z) =z+>_ age". (1) 
k=2 


Now, let y be an analytic and univalent of the form (2.1) in the U = {z : |z| < 1} normalized 
with f(0) = 0 and f’(0)—1 = 0. Let us recall some definitions and concepts of classes of analytic 
functions. Let f € y. Then, f € S*(@) if and only if 


ref 2 > (0<6<1). 
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This class is called starlike class of analytic function, let f € y. Then, f € C() if and only if 


zf"(z) 
f(z) 


This class is called convex class of analytic function. Some well known authors like Bernardi 





Re {1+ \>gose<y, 


(3), Darus and Ibrahim |], Frasin !©!, Goodman "! etc to mention just but few have investigated 
the above two classes from different perspectives and they obtained many interesting results, 
the literatures on them littered everywhere. 

Geometric function theory has wide applications in many physical problems, problems in 
physics, engineering etc. 

Further more, Salagean !"6) introduced the following differential operator: 


D° f(z) = f(z), 


D* f(z) = Df(z) = zf'(2), 
D" f(z) = D(D"™“" f(z), 


and 
D" f(z) = zt >) kagz*, (2) 
k=2 


where f(z) is of the form (1). 
Also, from (1), we can write that 


f(z)* = (+ Sa") : (3) 
k=2 


Using binomial expansion on (3), we have 


(cas oo a3) 


a-1l 
+ | aa4 4 5 2a2a3 4 





f(z)* = 2% + aagzt! 








Thus 
fe*=22+>) afar", (4) 
k=2 


where a > 0 (is real and it meant principal determinant only). 
Applying differential operator (2) on (4), we obtained 


D" f(z)% =a"z" +S (a+ h—-1)"az(a)zotet, (5) 
k=2 


From (5), we have a subclass of 7 to be T:°(3) defined by Opoola in [10], 
p® a 


az 
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where (a >0 isreal,z€U,0< 6 <1,n=0,1,2---). 
The study of analytic class in (6) started with the study of Bazilevic function that was 
discovered in 1955 by a Russian Mathematician called Bazilevic ?!. He defined the function by 


1+e2 
a 


1+e? 











where p € P and g € S*. The number a > 0 and € are real, and all powers meant principal 
determinant only. The family of function (7) is called Baziilevic function and it is denoted as 
B(a,e). The family of function B(a,¢) breaks down to some well known subclasses of univalent 
functions. 

For instance, if we take e = 0, we have 


fe)={a PO) gayeav) , (8) 


On differentiating (8), we have 





LAS = ple) (9) 


Or equivalently 


re{ TEEN | 5 o, zeu. 


The subclasses of Bazilevic functions satisfying (9) are called Bazilevic function of type a 
and denoted by B(a) see Singh "71, 

In 1993, Noonman |! gave a plausable description of functions of the class B(a) as those 
function in S for each r < 1, and the tangent to the curve U,(r) = {ef (re’®)* ,0 < 6 < 27} 
never turns back on itself as much as 7 radian. If a = 1, the class B(a) reduces to the family 


of close-to-convex functions, that is 











/ 
ret) 59 zeu. (10) 
g(2) 
If we choose g(z) = f(z) in (10), we have 
zf"(z) 
Re >0, zEU, 11 
7) 
which implies that f(z) is starlike. Furthermore, if we replace f(z) by zf’ in(11), we obtain 
fe) 
Re<il+ >0 z€U, 12 
{1+ a = 


which is the convexity condition. More over, if g(z) = z in (9), then we have the family of 
B,(q) see Singh |7) of functions satisfying 


ref PIE" | so, zéu. (13) 
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Many authors have studied this class of Bazilevic functions and they obtained many in- 


teresting results as contained in literatures (See Bernardi’s Bibliography of Schlich function 
ly, 


In 1992, Abdulhalim | introduced a generalization of function satisfying (13) as 
dD a 
Re { | > 0, (14) 


where parameter a and D” are as earlier defined. He denoted the class of function by B,(a). 
It is easily seen that his generalization has extraneously included analytic function satisfying 


F(Z)" 


ze 


Re >0, (15) 


which are largely non univalent in the unit disk. By proving the inclusion B,+1(@) C Bn(a). 

Abdulhalim in [1] showed that for all n € N, each function of the class of B,,(a) is univalent 
in U. 

Notable contributors like MacGregor '], Noonman "!, Thomas [8], Tuan and Anh [9I, 
Yamaguchi ?°, Opoola !°!, Oladipo [!J, Oladipo and Breaz |?!, Oladipo and Fadipe [!8) had 
earlier considered various special cases of parameter n and a of (14) and established many 
properties of function in those particular cases. 

Recently, Oladipo and Olatunji !"4! used Cata’s operator on this class of Bazilevic functions 
and some interesting results were obtained for coefficient bounds and the coefficient inequalities. 

Let p € P be analytic and of the form 


p(z) =1+ S- che", 
k=1 


with p(0) = 1 and Rep(z) > 0. This class of function is denoted by P known as Caratheodory 
functions. 

The main aim of this work is to investigate how the sigmoid function is related to analytic 
and univalent functions of Bazilevic type in terms of coefficient bounds. 

For the purpose of our result the following lemma shall be necessary. 

Lemma 2.1. [!5] Let g(z) be a sigmoid function and G(z) = 2g(z) then G(z) € P,|z| <1. 
Where G(z) is a modified Sigmoid function. 


Proof. 
2 
G2) = 
G(0) =1, 
_, _ 4(1 + Re(e~*)) 
G(z) + G(z) ~~ (1 + e-7)? :} 
e *=e *cosy—ie “siny, 


Re(e-*) =e “cosy, 
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e” >0. 


This shows that Re(e~*) depends only on the sign of cosy. Since z is in the unit disc x 
and y vary from —1 and 1, since 2? + y? < 1. Since (—1,1) C (+, §), cosy should be positive. 
Therefore, Reg(z) > 0. Hence, the function g under investigation maps the unit disk into the 
half plane with g(0) = 1 and is therefore in Caratheodory class. 


The series form of a modified sigmoid function 























2 
G —= 
(2) 1+e-*’ 
is given as 
1 ww (-1)"_, 
1p, Sey (Scr ,\" 
I= 5 8+ Don ( at 
m=1 n=1 
2. (-1)™ (A (-1)" 2 \" 
2 — ue 
g(z) =1+ on id 
m=1 n=1 
hence 








Gz) =1+ 50 se (>: ( at) (16) 


m=1 n=1 


Here, we want to obtain the coefficient bound for the class T,“(3) as related to the modified 
activated sigmoid functions. 


§3. Main result 
Theorem 3.1. Let f € T°(3), then 


a=) 


|a2(a)| < “(ati ”’ 


a>0O, (17) 


o"2(1 ~ a)(1 - 8) 


|a3(a)| = 8(a + 1)?” 





,0<a<l, (18) 


and 
Fi +fo+F3, O0<a<l,; 


las(a)|< 4 Fs, l<a<2; 
F,, a<l, 


where 
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a= 8) pp _ a %a~121- 8)? aa 1)(a~2)(1~ 8) 
1 Oda + 3) 7 16(a + 1)3” — 48(a + 1)3" 
Proof. Let f € T°(G), define 

D" f(z)* 
— anze _ p 
Giz)= a oe (19) 
Recall that 
f(z)* = 2% + aag2z°t! + (cas + cee 1) «) 
é. (oa, i Be aes é sone) ae 
hence 
(1 B)G(2) =14 (SER) aglayet tp. (20) 
k=2 


Equivalently as 


af EES 
wn (24) ere vom eu8)(222)"o 


+3 
+(aya4 + 2a2a2a3 + 0303) (=) 2° 
a 








4 














a+A4 
+(aa5 + a2(2aga4 + a3) + 83a30%a3 + a4a5) (2=*) gi 


Comparing the coefficient of (20), then we have 
_ a"(1— 8) 
a2(a) — 2a(a + 1)’ 


a" (a= 1)(1 = 8)? 
8a?(a +1)?” 





a3(a) = 


>) 


naa) = 20-8), a =1P0= 9) _ aM(a- (a= 20-9) 
ay ~~ Dhaa + 3)" | 16a3(a + 1)3” 48a3(a@ + 1)3” 


and this completes the proof. 
Theorem 3.2. Let f € T°(3), then 


Z a2"(1 — B)? a” a?"(a@ —1)(1 — 8)? atl 
Jazaa — a3] < (— =) | 3(a +3)" > ( 2a2(a + 1)3” ) ( 6 )I. 
Theorem 3.3. Let f € T%(), then 


2n(1 — g)? \ |—(a —1) — 2d 
Jas — Aa] < (area | | G > . 


Conclusively, with special choices of the principal determinations involved, many bounds 





2 








could be obtained. 
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Abstract In this paper, we charaecterise k*-paranormal composition operators and k*- 
paranormal weighted composition operators and their adjoints in L? spaces. 
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§1. Introduction and Preliminaries 


Let B(H) be the Banach Algebra of all bounded linear operators on a non-zero complex 
Hilbert space H. By an operator, we mean an element from B(#). If T lies in B(H), then T* 
denotes the adjoint of T in B(H). For 0 < p < 1, an operator T is said to be p-hyponormal 
if (7*T)? > (TT*)?. If p =1, T is called hyponormal. If p = s, T is called semi-hyponormal. 
An operator T is called paranormal, if ||T ||? < ||7?2|| ||z||, for every « € H. Composition 
operators on hyponormal operators are studied by Alan Lambert |], Paranormal composition 
operators are studied by T. Veluchamy and S. Panayappan "I. 

Let (X, 4, \) be a sigma-finite measure space. The relation of being almost everywhere, 
denoted by a.e, is an equivalence relation in L?(X, X, A) and this equivalence relation splits 
L?(X, ©, 2) into equivalence classes. Let T be a measurable transformation from X into itself. 
L?(X, X, A) is denoted as L?(\). The equation Or f = f oT, f € L?(A) defines a composition 
transformation on L?(\). T induces a composition operator Cr on L?(A) if (i) the measure 
AoT~! is absolutely continuous with respect to and (ii) the Radon-Nikodym derivative gor) 
is essentially bounded(Nordgren). Harrington and Whitley have shown that if Cr € B(L?(A)), 
then C7.Crf = fof and CrO%.f = (fooT)Pf for all f € L?(A) where P denotes the projection 
of L?(A) onto ran(Cr). Thus it follows that Cr has dense range if and only if CpO% is the 
operator of multiplication by fo o T, where fp denotes cor 

Every essentially bounded complex valued measurable function fo induces a bounded oper- 
ator M;, on L*(X), which is defined by My, f = fof, for every f € L?(A). Further CZCr = My, 
and Cx?Cy? = Mj, Let us denote {07 by hie. fo by h and £02) by hy, where & is 
a positive integer greater than or equal to one. Then C7.C'r = M), and Cx?Cr? = Mp,. In 





general, CH Or = Mp,, where Mp, is the multiplication operator on L?(A) induced by the 
complex valued measurable function hp. 


Definition 1.1. |! An operator T is called k*- paranormal for a positive integer k, if for 
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every unit vector x in H, ||7*<|| = \|T*2I)” . 
Theorem 1.1. !!°! For k > 3, there exists a k*-paranormal operator which is not k*- 
paranormal operator. 
Theorem 1.2. An operator T is k*-paranormal for a positive integer k if and only if for 
any pp > 0, 
TrT® — ky® 9 T* + (k —1)p* > 0. 


Proof. Let > 0 and « € HA with ||a|| = 1. Using arithmetic and geometric mean 
inequality, we get 


A : 
emia, 2+ tom a = (emits 2) a? 
= |r*I% 
> ||T*a\|" 
= (PT 2, a), 


Hence 
ies k-1 
a —(r*)’2, x) + CD, x) —(TT*x, x)>0. 
=> Tky* — ku*'TT* + (k —1)p* > 0. 


Conversely assume that T**T* — ky*-1TT* + (k —1)u* > 0. 
If ||Z*a|| = 0, then k*- paranormality condition is trivially satisfied. If « € H with 
|T*a|| £0 and ||a|| = 1, taking p = ||T*2||?, we get 


\|P*al| > |T*2l|*. 


Hence T is k*-paranormal. 
In this paper we characterise k*-paranormal composition operators and k*-paranormal 


weighted composition operators. 


§2. k*-paranormal composition operators 


Theorem 2.1. For each positive integer k, Cp € B(L?(A)) is k*-paranormal if and only 
if hy — ku*-1(hoT)P + (k—1)p* > 0 ae, for every p > 0. 
Proof. By theorem 1.2, Cr is k*-paranormal if and only if 


O* CR — ku*-1CpCe + (k —1)*I > 0, for every > 0. 
This is true if and only if for every f € L7(A) and p > 0, 
(Mnf, f)— kuk* (Minorypf, f) + (k-Vuk (f, f) > 0, 


if and only if 
(haf, f)— kp) (hoT)PS, fy +(k-1u* (Ff, f) 2 0, 
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if and only if 


(heXE, XB) — ku*-! ((hoT)Pxn, Xe) + (k—1)u* (xe, xe) > 0, 


for every characteristic function x, of E in &, if and only if 
| (hy — ku®-" (ho T)P + (k—1)p") dd > 0 for every E in 5, 
E 


if and only if 
hy — kp®-*(hoT)P + (k—1)p* > 0 ae, for every p > 0. 


Corollary 2.1. For each positive integer k, Cr € B(L?(A)) is k*-paranormal if and only 
if hy, > (h* oT)P ae. 

Theorem 2.2. For each positive integer k, C7. is k*-paranormal if and only if (h,oT”) Pi, > 
h* a.e, where P/s are the projections of L?(A) onto ran(C+,). 

Proof. By theorem 1.2, Cj is k*-paranormal if and only if 


((Cr*cz* — ku 1080p + (k — Du*)g, a) >0, for allg € L(A), 


if and only if h,oT* P, —ku*-'h+(k—1)p* > 0 ae, for all py > 0, if and only if (hgoT*) Py > h* 
ae. 

Corollary 2.2. If Cr € B(L?(A)) has dense range, then Cz is k*-paranormal if and only 
ifh,poT* > h* ae. 

Corollary 2.3. If Cr € B(L?(A)) has dense range, then both Cr and Cy are k*- 
paranormal if and only if hy oT* > maz(h*, hk o T**1) ae. 


§3. Weighted composition operators and aluthge transfor- 


mation of k*-paranormal operators 


A weighted composition operator induced by T is defined as Wf = w(f oT’) where w isa 
complex valued © measurable function. Let w, denote w(woT)(wo T?)---(wo T*-!). Then 
W*f = wrz(f oT)*. To examine the weighted composition operators effectively Alan Lambert 
[1] associated conditional expectation operator E with T as E(-/T~!S) = E(-). E(f) is defined 
for each non-negative measurable function f € L?(p > 1) and is uniquely determined by the 


conditions: 
1. E(f) is T~1¥ measurable. 
2. if Bis any T~'D measurable set for which [7, fdA converges, we have [,, fd\ = [, E(f)da. 


As an operator on L?, EF is the projection onto the closure of range of T' and FE is the 
identity operator on L? if and only if T~'S = %. Detailed discussion of E is found in [4], [5] 
and [7]. 

The following proposition due to Campbell and Jamison is well-known. 

Theorem 3.1. |) For w > 0, 
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lL. W*Wf = h[E(w?)] 0 T-!f. 
2. WW* f =w(hoT)E(wf). 


Since W* f = w,(foT*) and W** f = hy E(w, f)oT—*, we have W**W* = h, E(w2)oT—* f, 
for f € L?(\). Now we characterize k*-paranormal weighted composition operators. 

Theorem 3.2. Let W € B(L?(A)). Then W is k*-paranormal if and only if hy E(w?) © 
T-* — ku*-w(ho T)E(w) + (k —1)pu* > 0 ae, for every p > 0. 


Proof. Since W is k*-paranormal, 
W**w* — ku*-1WWw* + (k—1)u*I > 0, for every p> 0. 


Hence 
| taztuh) oT — kul *w(h oT) E(w) + (b= Duka r > 0, 
E 


for every E € ¥ and so 
hy E(w?) o T~* — ku*-1w(ho T)E(w) + (k—1)u* > 0 ae. for every p > 0. 


Corollary 3.1. Let T~1© = ¥. Then W is k*-paranormal if and only if hyw? o T7* — 
kp*—-1w?(hoT) + (k—1)p* > 0 ae, for every uw > 0. 

The Alugth transformation of T is the operator T given by T = ere? U ler was in- 
troduced by Alugth ?!. More generally we may form the family of operators T,:0<r<1 
where T,. = |T|" U|T|'~"®!. For a composition operator C, the polar decomposition is given by 
C =U|C| where |C| = Vhf and Uf = Sarl oT. Lambert |5) has given a more general Alugth 
transformation for composition operators as C, = |C|"U|C|'~" as C,f = (hn)? f oT. ie. 
C, is weighted composition with weight 7 = ( oe P 

Corollary 3.2. Let C, € B(L?(\)). Then C;, is of k*-paranormal if and only if hy, E (1?) © 
T-* — kuk-'n(ho T)E(m) + (k —1)u* > 0 ae. for every ps > 0. 
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of subdivision of some graphs. 

Keywords Subdivision, web, wheel, book, corona. 

2000 Mathematics Subject Classification: 05C78 


81. Introduction and preliminaries 


Let G = (V, E) be (p, g) graph. In this paper we have considered only simple and undirected 
graphs. The number of vertices of G is called the order of G and the number of edges of G 
is called the size G. The subdivision graph S'(G) of a graph G is obtained by replacing each 
edge uv by a path wwv. The corona of G with H, G © H is the graph obtained by taking 
one copy of G and p copies of H and joining the i*” vertex of G with an edge to every vertex 
in the i*” copy of H. Graph labelling plays an important role of numerous fields of sciences 
and some of them are astronomy, coding theory, x-ray crystallography, radar, circuit design, 
communication network addressing, database management, secret sharing schemes etc. !, The 
graph labeling problem was introduced by Rosa. In 1967 Rosa introduced Graceful labeling 
of graphs |], In 1980, Cahit |] introduced the concept of Cordial labeling of graphs. Riskin 
[12] Seoud and Abdel Maqusoud [4], Diab ?!, Lee and Liu |!, Vaidya, Ghodasara, Srivastav, 
and Kaneria !!5] were worked in cordial labeling. Ponraj et al. introduced k-Product cordial 
labeling [°l, k-Total Product cordial labeling !!"! recently. Motivated by the above work, R. 
Ponraj, S. Sathish Narayanan and R. Kala introduced difference cordial labeling of grpahs !, 
In [6, 7, 8, 9] difference cordial labeling behavior of several graphs like path, cycle, complete 
graph, complete bipartite graph, bistar, wheel, web, By, © K,, T;, © K2 and some more standard 
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graphs have been investigated. In this paper, we investigate the difference cordial behaviour 
of S (Kin), S (Kon), S(Wnr), S (Pr © 1), S(W (t,7)), S (Bm), S(Bmn). Let x be any real 
number. Then the symbol |x| stands for the largest integer less than or equal to x and [2] 
stands for the smallest integer greater than or equal to x. Terms not defined here are used in 
the sense of Harary |). 


§2. Definition and properties 


Definition 2.1. Let G be a (p,q) graph. Let f : V(G) — {1,2,--- ,p} be a bijection. 
For each edge uv, assign the label |f (u) — f (v)|. f is called a difference cordial labelling if f 
is 1 — 1 and |ey (0) — ey (1)| < 1 where e,; (1) and e; (0) denote the number of edges labelled 
with 1 and not labelled with 1 respectively. A graph with a difference cordial labelling is called 
a difference cordial graph. 

Let G be a (p,q) graph. Let f : V(G) — {1,2,---,p} be a bijection. For each edge 
uv, assign the label |f (u) — f (v)|. f is called a difference cordial labelling if f is 1 — 1 and 
|e¢ (0) — ef (1)| < 1 where ef (1) and ey (0) denote the number of edges labelled with 1 and not 
labelled with 1 respectively. A graph with a difference cordial labelling is called a difference 
cordial graph. 

Theorem 2.1. 5S (Kj,,) is difference cordial. 


Proof. Let V (S(Ki,,)) = {ujUf{u;, vj: 1 <i< nband E(S (Ky n)) = {uuj;, uv 21 <i <n}. 


Define a function f :V(S(Ki»)) > {1,2,--- ,2n+1} by 


flu) = 2-1, l<i<n; 


n, 


and f (u) = 2n+ 1. Since ef (0) = ef (1) =n, f is a difference cordial labelling of S (K1,,). 
A difference cordial labelling of S' (1,8) is given in figure 1. 


14 
16 12 
13 11 
15 
17 
2 10 
1 
7 
35 
8 
4 
6 
Figure 1 


Theorem 2.2. S(K2,,) is difference cordial. 
Proof. Let V(S(Kon)) = {u,v} U {ui,vi,wi: 1 <i<n} and E(S(K2n)) = 
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{uv;, vj7U;, VW;, WiU; 2 1 <i <n}. Define f: V(S (Kon)) > {1, 2,--- ,8n4+ 2} by 


f(u) = 8-1, 1s<i<n; 


f (u) =3n+1 and f (v) = 3n+2. Since ef (0) = ef (1) = 2n, f is a difference cordial labelling 
of S (Kon). 

Theorem 2.3. S(W,,) is difference cordial. 

Proof. Let V(S(W,)) = {ui,wi,vi:1<i<n} U {u} and E(S(W,)) = 
{ uv, vit, Uri, Witt, 4 sGmod ae 1<i< nh. Define f: V(S(W,,)) > {1, 2,--- ,3n+1} by 


f(wi) = 2%, 1l<i<n 


and f (u) = 2n+ 1. Since ef (0) = ey (1) = 2n, S'(W,,) is difference cordial. 
Subdivision of a Wheel S (wg) with a difference cordial labelling is shown in figure 2. 


ia 7 
15 11 
16 4 2310 
25 17 
1 ag 
18 
21 
2 19 99 8 
"4 
2 4 6 
5 
Figure 2 


Theorem 2.4. Let G be a (p, qg) graph and if S'(G) is difference cordial. Then S (G © mK.) 
is difference cordial. 

Proof. Let f be a difference cordial labelling of S(G). Let V (S(G)) = {uj:1 <i <n}, 
V(S(GOmK,)) = {of wf : L<i<m1l<j<p}uv(s(@) and E(S(GOmK,)) = 


wa mR eee) Define a 1-1 map g : V(S(G@mk))) - 

















g(ui) = f (ua), 1<i< 2p; 
f (ul) = 2p (27 2)m 2%, Ll<i<m, 1<j<p; 
f (wf) = 2p+(2j-2)m+2i-1, 1l<i<m, 1<j<p. 











Obviously the above labelling g is a difference cordial labelling of S(G © mK). 
Theorem 2.5. S(P,, © Kj) is difference cordial. 
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Proof. Let V (P, © Ai) = {ui,ui: 1 <i<n} and let V(S(P, © k1)) =V(P,© Ki) U 
ujilsisn-thu{o: L<i<nh and E(S (Py © Ky) = {uu weg l<i<n-i} 


“uct vvi 1 <i<nh. Define f :V(S (Pa @ K1)) > {1,2,-++ 4m —1} by 








f(u) = %-1, 1 

f (ui) = 2, 1l<i<n-1; 
Pie. st) = 2n—1+4%, l<i<n; 
f (unc) = 3n-1+i, l<i<n. 


Since e+ (0) = ey (1) = 2n—1, S (P, © K}) is difference cordial. 

Theorem 2.6. S(P,, © 2K;1) is difference cordial. 

Proof. Let V(S(P, © 2h1)) = {ui, vi, wi, ti, ys: 1S i<nbu{g,:1<i<n-—1} and 
E(S(P, ©2K1)) = {uju;, v7wy, uj2i, Viyy 2 1 <i < nb U {ugz,, zug: 1<i<n-—1}. Define 
f:V(S (Pr ©2K1)) > {1,2,--- ,6n — 1} by 





f(u) = 2-1, l<i<n 
f(z) = 24, 1<i<n-l; 
f(vn-it1) = 2n+2i-2, l<i<n; 
f(r) = 2n+2i-1, l<i<n; 
f(s) = 4n+i-1, l<i<n; 
fm) = 5n+i-1, L<i<n. 





Since e+ (0) = ey (1) = 3n—1, f is a difference cordial labelling of 5 (P,, © 2K). 

The Lotus inside a circle DC, is a graph obtained from the cycle C, : uyug-++Unu, and 
a star Ky, with central vertex vp and the end vertices vjv2--: Uv, by joining each v; to u; and 
Wiad (mod n)* 

Theorem 2.7. S(LC,,) is difference cordial. 


Proof. Let the edges Uitssi(mod n)> VOVis Vit and Vitts +1(mod n) be subdivided by wy, 


Xi, y; and z; respectively. 
Define a map f : V(S(LC,,)) — {1,2,--- ,6n+ 1} as follows: 














flu) = 44-8, l<i<n; 
f(u) = 4-1, 1l<i<n; 
f(wi) = 5n+4+144, l<i<n; 
f (xi) 4n+1+i, l<i<n; 
Ff (yi) Ai — 2, L<7 sm 

fla) = 4, l<i<n, 


and f (v9) = 4n+1. Obviously, the above vertex labelling is a difference cordial labelling of 
S(LC,). 

The graph P? is obtained from the path P,, by adding edges that joins all vertices u and 
v with d(u,v) = 2. 
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Theorem 2.8. S (2) is difference cordial. 

Proof. Let V (S(P?2)) = {u:1<i<n}U{y:l<i<n-1U{w:l<i<n-—2} 
and £ (s (P?)) = {uju;, viuig1 i 1 <i<n—-1}U {ujywi, wiuizg:1<i<n—2}. Define f : 
V (S (P?)) — {1,2,--+ ,3n — 3} by 


f(ui) = 2-1, 1l<i<n-1,; 
f(u) = 2%, l<i<n-l, 
f(w) = In-1+4%, 221 <2, 


f (un) = 2n and f (wi) = 2n—1. Since e+ (0) = ey (1) = 2n — 3, f is a difference cordial 
labelling of S (P?). 

Theorem 2.9. S(K2+mK}) is difference cordial. 

Proof. Let V (S (K2+mKj)) = {u,v, w, ui, vi, wit 1 <i < m} and E(S (Ko +mkj)) = 
{uu;, UjzW;, WiV;, Viv 21 <i <m}U {uw, vw}. Define an injective map f : V (S (K2o+mk;)) 
— {1,2,--- ,38n+ 3} as follows: 


f(us) = 3641, (Sie 
fv) = 31+3, 1<i<m; 
f (wi) = 30 + 2, 2<i<m, 





f(u) =1, f(v) =2 and f (w) = 3. Since e; (0) = ef (1) = 2m+1, f is a difference cordial 
labelling of S' (Ka + mkK}). 


A difference cordial labelling of S' (K2 + 441) is given in figure 3. 
14 


11 
13 15 


10 8 12 


1 3 2 
Figure 3 


The sunflower graph S,, is obtained by taking a wheel with central vertex vp and the cycle 
Cy 2 U1U2 +++ Unv, and new vertices w1w2--- Wp where w; is joined by vertices v;, Vind (mod n): 

Theorem 2.10. Subdivision of a sunflower graph S'(S;,) is difference cordial. 

Proof. Let V(S(S,)) = {uisui, v4, wis wi, 25, :l<i< n} and E(S(S,)) = 
{uju;, 4s444(mod n) > UL{, VEU;{, UjW7, Wii, ViW;, w,u 


i+1(mod n) keen}. Define f 
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V (S(S,)) > {1,2,--- ,6n + 1} by 


f(ui) = 41-3, l<i<n; 
t (ui) = 5n+1+i, L<i<n: 
f(wi) = 41-2, l<i<n; 
f (vi) 4i —1, l<i<n; 
f (w;) = Ai, 1l<i<n; 
f(ai) = 4n4+1+i, l<i<n, 


and f (u) =4n+1. Since ef (0) = ey (1) = 4n, S'(S,,) is difference cordial. 

The helm H,, is the graph obtained from a wheel by attaching a pendant edge at each 
vertex of the n-cycle. A flower Fl, is the graph obtained from a helm by joining each pendant 
vertex to the central vertex of the helm. 

Theorem 2.11. Subdivision of graph of a flower graph S (F1,,) is difference cordial. 

Proof. Let V(S(Fln)) = {ui, vi, Wi, Ui, Yi, 22 1<i<n}U {u} and E(S(Fl,)) = 

Ug Vj, Vj 


Ust1(mod n)? Lis Citis UiYis YiWi, Wi2, ZU: l<i<np>. Define f : V(S(Fl,)) 


f(ui) = 5-1, 1<i<n; 
fv) = 5n4+%4, l<i<n; 
f (wi) 54 — 3, 1<i<n; 
f (xi) 51, 1<i<n; 
f(y) 5i— 2, l<i<n; 
f(a) = 5-4, IStsn, 


and f (u) = 6n+ 1. Since ef (0) = ey (1) = 4n, S'(Fl,) is difference cordial. 

The book B,, is the graph S,, x Pz where Sj, is the star with m+ 1 vertices. 

Theorem 2.12. S(B,,,) is difference cordial. 

Proof. Let V(S(Bm)) = {u,v,w} U {ui, ui, wi, i, ys L<i<m} and E(S(Bn)) = 
{uw, vw} U {ua,, cui, UiWi, Wii, ViVi, Yiu: 1<t<m}. Define a map f : V(S(Bm)) - 
{1,2,--- ,5m + 3} by 





f(ui) = 44, l<i<m; 
f (wi) 4i+ 1, Ll<i<m; 
fi) = 4¢4+2, 1l<i<m; 
f (yi) 4i + 3, 1<i<m-1,; 
f(ai) = 4m+2+%, l<i<m, 


f (vu) =1, fw) =2, fF (v) =3 and f (yn) = 5m +3. Since es (0) = ey (1) = 3m+1, S(B,,) is 
difference cordial. 

Prisms are graphs of the form C,, x Py. 

Theorem 2.13. S(C, x P) is difference cordial. 
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Proof. Let V(S(C, x Po)) = {ui,vi,wi,viysr:l<i<n} and E(S(C, x P2)) = 
Ge Li, LU; 4 (mod n Ui Wi, Wii, VYir YiYi41(mod n) :l<i<ne. Define a function f 
V(S (Cr Sy) see coe 


fui) = 2-1, L<i<n; 
f(vi) = 24, L<i<n; 
f(w) = 2n+2%i-1, 1<i<n; 
f(vi) = n+ 2%, 1l<i<n; 
f(y) = 4n+1+i%, L<7<n—1, 





and f (Ym) = 4n+1. Since ef (0) = ef (1) = 3n, f is a difference cordial labelling of S(C,, x P2). 


The graph obtained by joining the centers of two stars Ky, and Ky,, with an edge is 
called Bistar By. 


Theorem 2.14. S(B,,,,,) is difference cordial. 
Proof. Let V(S(Bmn)) = {u,v,w} U {uu :1<i<m} U {uy :1<i<n} and 


E(S(Bmmn)) = {uw, wv} U {ur vu; :1<i<m}U {om yiui:1<i<n}. Define an injec- 
tive map f:V(S(Bmn)) > {1,2,--- ,2m+2n+ 3} by 


f(ui) = 2i, 1l<i<m; 
f (vi) 2m + 2i, 1l<i<n; 
f (zi) 2i—1, l<i<m; 
f(y) = 2m+2i-1, l<i<n 





f (u) = 2m +4 2n4+ 3, f (v) = 2m + 2n+4+ 2 and f (w) = 2m+2n+41. Clearly the above vertex 
labelling is a difference cordial labelling of S (Bm). 


The graph K x K2 x --- x K2(n copies) is called a n-cube. 
Theorem 2.15. Subdivision of a n-cube is difference cordial. 


Proof. Let G = Ky x K2 x--: x Kz (n copies). Let the edges ujui41, Vivi-i, Li®i41, 


mt / , ! , , , s 
WiWit1, Wii, Viti, Liw; and w,u; be subdivided by u,, v;, Lj, W;, Yi, Y;, Zi and z, respectively. 


64 R. Ponraj, 5. Sathish Narayanan and R. Kala No. 3 





Define f : V (S'(G)) — {1,2,--- ,12n — 16} by 


SY 

ae 

= 
l| 


on + 57 — 14, 3<i<n-1; 
on + 52 — 10, 2<i<n-2; 


on + 52 — 12, 3<i<n-1; 


SY 
OS 
a 
Saal 
II 


£& 
x= 
I 





f(vj) = bn+5i-6, 2<i<n—2 
f(x) = Bi-4, $5 tSn—] 
f (2, Bi + 2, 2<i<n-2; 
f (wi) bi — 6, 3<isn-]; 

5 — 2, 2<7<n-2; 


SY 
SO 
&, 
eed 


—~ 
KJ 
s 

Qa 


ef 


10n — 16 +7, 1l<i<n-I; 


, 


5t — 5, 3<i<n-1; 


, 


lin-17+i, 1<i<n-1. 


dbn+57—18, 3<1<n-1,; 


=“ 
“a ™~ 

=. 
Se 


_—s 
XR 
SS 

— 





Sh 
oN 
X 

3 
nn"“~ 
| 


f (u1) = 5n—-7, f (ug) = 5n—5, f (ui) = 5n—6, f (v1) = 5n—-1, f (v2) = 5n—3, f (v:) = 5n—2, 
f (a1) = 7, f (wa) = 5, f (#1) = 6, fwi) = 1, f (wa) = 3, F (wr) = 2, £1) = 12n-17, 
f (y2) = bn —4, f(z) = 12n —- 16 and f(z) = 4. Since ef (0) = ef (1) = 8n — 12, f is 
a difference cordial labelling of S(G). Jelly fish graphs J(m,n) are obtained from a cycle 
C4 : v1 v203U4v01, by joining v; and v3 with an edge and appending m pendant edges to vg and 
n pendant edges to v4. 

Theorem 2.16. S(J(m,n)) is difference cordial. 

Proof. Let the edges v1 v2, vev3, 34, V41, V1 V3 be subdivided by u, v, w, x, y respectively 
and the edges vou; (1 <%<m) and vaw,; (1 <j < n) be subdivided by U; and w; respectively. 
Define a one-to-one map f : V (S(J(m,n))) > {1,2,--- ,2m + 2n+ 9} by f (v1) = 2, f (v2) = 
7, f (vs) =5, f (va) = 8, f(u) = 3, f(v) =6, f(w) =4, f(x) =1, f(y) =9, 

















flu) = 2%+8, l<4am; 
f (u\) = 249, 1l<i<m; 
f(wi) = 2m+2i+8, 1l<i<n; 
f (wi) = M+B%+9, 1<i<n 


Clearly e, (0) = ef (1) =m+n+5. It follows that, f is a difference cordial labelling of 
S(J(m,n)). The helm H,, is obtained from a wheel W,, by attaching a pendent edge at each 
vertex of the cycle Cn. Koh et al. @ Define a web graph. A web graph is obtained by joining 
the pendant points of the helm to form a cycle and then adding a single pendant edge to each 
vertex of this outer cycle. Yang '! has extended the notion of a web by iterating the process of 
adding pendant points and joining them to form a cycle and then adding pendent point to the 
new cycle. W (t,n) is the generalized web with t cycles Cy. 

Theorem 2.17. S(W (t,n)) is difference cordial. 
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t 

Proof. Let C(” be the cycle ui, ui... ué,ui. Let V (W (t,n)) = vy (ch oft eee on) 
U {u} and V(S(W (t,n))) = {uj:isisnisssthu {wi Agi<misi<t41}u 
V(W(t,n)) and E(S(W (t,n))) = {ul} viul ‘Lsism-L1 sist} U 


4 Ee Eee. * 


arg a itl 


{wit z; :1<i<n\}. Define a map f : V(S(W (t,n))) > {1,2,--+ ,38nt + 2n +1} as follows: 





{ujus, viul : 1<j<t} U {uwe:1<i<n} U {w}uf uw! ej eti<isnl U 








f(wl) = 29-1, 1<j<tt+h 

f(wl) = f(wia)+23, sist 2si<n: 
f(w) = f(wi)+1,  1s7St2<5i<n; 
fi) =f@r yet isicn, 

(vl) = nQ@t+2)4+5, 1sjst+h 

f(f) = feba)+i  1SjStt1, 2Si<n, 


and f (u) = 3nt+2n+1. Since e+ (0) = ey (1) = n(2t+1), f is a difference cordial labelling of 
S(W (t,n)). A Young tableau Yi;,,n is a sub graph of P,, x P, obtained by retaining the first 
two rows of P,,, x P, and deleting the vertices from the right hand end of other rows in such a 
way that the lengths of the successive rows form a non increasing sequence. Let V (Py x Pn) = 
fig tlie mila 7s i) and BP, 2) = 670.9 Pll stem lay eH TU 
{ui jui41, 21 <i<m—1,1<j<nt. 

Theorem 2.18. S(Y,,,,) is difference cordial. 

Proof. Let Yn» be a young tableau graph obtained from the grid P, x P,. Let the 
edges ujj;Ui+1,; be subdivided by w;,;. The order and size of S(Y;,,) are ae and 
2(n—1) (n+ 2) respectively. Define a map f : V(S(¥nn)) > {1,2.-: , anttsn=o | as fol- 
lows: 

















flu) = 23-1, L<j<n; 
fry) = 25, 1<j<n-1; 
f(wij) = n?-2n-2+4, L<j<n. 

f(ugj) = 2n+27 —2, l<j<n; 

f (veg) = 2n+25-1, 1<j<n-1,; 

f(uij) = nil 1 3<i<n,1<j<n-i+2; 

f (v5) = f (wag) + 3<i<n,1<j<n-it2 

f (wig) = ee §<i<n—-L te jean 


Since e+ (0) = ey (1) = (n—1) (n+ 2), f is a difference cordial labelling of S (Y;,n). 
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Abstract In this paper, the eigenvalues and the upper bounds for spectral norm and Eu- 


clidean norm of right circulant matrices with sine and cosine sequences were derived. 
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81. Introduction and preliminaries 


In [1] and [2] the formulae for the determinant, eigenvalues, Euclidean norm, spectral 
norm and inverse of the right circulant matrices with arithmetic and geometric sequences were 
derived. The said right circulant matrices are as follows: 




















a ar ar? +e art? arr—t 
ar?! a ar ee ar®™—3 art? 
ar’? ar™* a eee ar 4 ar®3 
RCIRC,(g) = ; 
ar? ar? ar* a ar 
ar ar? are +e art} a 
a at+d at+2d --- a+(n—2)d a+(n-—1)d 
a+(n—1)d ad a+d -+- a+(n-—3)d a+(n—2)d 
at+(n—2)d a+(n—1)d a + a+t(n—4)d a+(n-—3)d 
RCIRC,,(d) = : ; ; ‘ ; ; 
a+ 2d a+ 3d a+4d ..-- a a+d 
a+d a+ 2d a+3d --- a+(n-—1)d a 
with circulant vectors 
= (a,ar,ar’,--- ,ar"~*,ar”—*), 


Qy a 


= (a,a+d,a+2d,---,a+(n—2)d,a+(n—1)d). 


The followings are basic identities on sine and cosine: 
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1. sin? x + cos? z = 1, 


. oa 2 
2. sin? 2x = 1-208 22, 
2 = 1+cos? 22 
3. cos* 2a = SS. 


The following are identities regarding sinka and cos kx that will be used later: 
4. sinkx = 2cosasin(k — 1)x— sin (k — 2)a, 
5. coskx = 2cosacos(k — 1)a — cos (k — 2)a, 


na) sin[5 (n+1)2] 
sin( da) , 
nw) sin[4 (n+1)a] 
sin( da) : 
Definition 1.1. Let the following be the circulant vectors of the right matrices RCI RC,,(8), 
RCIRC,(é), RCIRC,(#) and RCIRC;,(h): 





sin( 2 
6. Sopp sinka = aie 


1 
% 3 -ycon he = cos 





5s = (0, sin@, sin20, --- ,sin(n—1)6), (1) 
€ = (1, cos@, cos20, --- ,cos(n — 1)6), (2) 
¢ = (0, sin?@, sin? 26, --- ,sin? (n — 1)6), (3) 
h = (1, cos? 6, cos? 20, --- ,cos?(n—1)6). (4) 


Definition 1.2. Let om, Ym, Tm and dm be the eigenvalues of RCI RC,,(s), RCIRC, (0), 
RCIRC,,(t) and RCIRC,,(h), respectively. 

Definition 1.3. Let A be an n x n matrix then the Euclidean norm and spectral norm of 
A is denoted by ||A||z and ||A||2, respectivley. These two are given by 


Alle 





max {|Am|}; where A», is an eigenvalue of A. 


|All, 


Lemma 1.1. 


n-1 
s w™* — 0, where w = e?7*/", 
k=0 
Proof. 
n—1 —mkn 
a, ae l-w 
S Ww Soe, 
L—w-mk 
k=0 
fo e2ttk 
~ Town me 
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§2. Main results 


Theorem 2.1. The eigenvalues of RCI RC,,(8) are 





__ sin (gn8) sin [3(n + 16] 

= sin ($9) , 
n-1 

Om = S- [2 cos @ sin (k — 1) — sin (k — 2)9] wm 
k=0 

where m=1, 2, ---, n—landw = e2™/", 
Proof. For m= 0, 
n-1 


09 = S sin k@ 
k=0 


sin ($n0) si 





For m # 0, 


3 
| 
fan 


Om = [sin kO] w—™* 


iit 
re oO 


= [2cos @ sin (k — 1)0 — sin (k — 2)6]w~™*. 
k 


Il 
fon) 


Theorem 2.2. The eigenvalues of RCIRC;,,(8) are the following: 





cos (5n8) sin [5 (n + 1)8] 
= sin (40) 
n-1 
Ym = > [2 cos 6 cos (k — 1)@ — cos (k — 2)6]w7™*. 
k=0 


Proof. For m = 0, 


n—1 
yo = S| cos k6 
k=0 





For m # 0, 


1 
im = [cos k 0] uy ek 


3 
| 


ii 
Fr oO 


= [2 cos 8 cos (k — 1)0 — cos (k — 2)0]w-™*, 


> 
Il 
° 
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Theorem 2.3. The eigenvalues of RCIRC,,(t) are the following: 


nsin 6 — 2 cos [(n — 1)6] sinnd 








_ 2 sin @ y 
n—-1 
Ti: S S- {cos [2(k — 2)6] — cos 26 cos [2(k — 1)6]}w-™*. 
k=0 
Proof. 
For m= 0, 
n-1 
Te = se sin? k@ 
k=0 
= > 1 — cos 2k0 
- 2 
k=0 
n n—-1 
= a > cos 2k@ 
k=0 
_ _nsin@ — 2cos|(n — 1)6] sinné 
- 2sin d 
For m # 0, 
n—-1 
tm = >) [sin? k6] w=" 
k=0 
= 5715608288 nk 
7 2 
k=0 
1 n-1 n—-1 
a aes yr = y [cos 2k6] w~™* 
k=0 k=0 
n—-1 


= {cos [2(k — 2)6] — cos 20 cos [2(k — 1)6]}w-™*. 
=0 


> 


via lemma 1.4 and identity 5. 
Theorem 2.4. The eigenvalues of RCIRC;,(h) are the following: 
nsin 6 + 2cos [(n — 1)6] sin nd 


(= 2 sind 





Ss {cos 20 cos [2(k — 1)6] — cos [2(k — 2)0]}w-™*. 
k=0 


oa 
3 
II 
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For m= 0, 
n-1 
%)7 = cos” ké 
k=0 
_ 1 +cos2k0 
a 2 
k=0 
n n—-1 
= 5 + S- cos 2k@ 
k=0 
_ nsin@ + 2cos[(n — 1)6] sinné 
7 2sin 0 
For m 4 0, 
n-1 
th = [cos? k6] w—™* 
k=0 
_ w— 1+ cos 2k nian 
7 2 
k=0 
1 n—1 n—1 
= 5 ES wR S- [cos 2k6] w™* 
k=0 k=0 


= {cos 26 cos [2(k — 1)6] — cos [2(k — 2)6]}w-™*. 
=0 


3 
| 


> 


via lemma 1.4 and identity 5. 
Theorem 2.5. ||RCIRC;,(8)||, <n —1 and ||RCIRC,(#)||, <n—-1. 
Proof. Let RCIRC,(p) = RCIRC,(8) or RCIRC,(t) and [im = Om OF Tm- 


| RCTRCn(P) Ilo max {|Hm|} 


n-1 
vow" 
k=0 

n-1 
< Y|pul. 

k=0 


Note that |sin k6|, | sin? k6| € [0,1], so the theorem follows. 
Theorem 2.6. || RCIRC,,()||, <n and | RcrRC,(h)| <n. 
2 


Proof. Let RCIRC, (7) = RCIRC,,(2@) or RCIRC;,(h) and dm =m OF Sm: 








A 


|RCTRCn()|l2 max {|Pm|} 


n—1 


S- gua ™ 
k=0 

n—1 

So lan: 

k=0 








IA 
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Note that | cos k6|, | cos? k6| € [0,1], so the theorem follows. 
Theorem 2.7. ||RCIRC,,(3)||_ < /n(n— 1) and ||RCIRC,(6)||,, < n(n — 1). 
Proof. Let RCIRC,,(p) = RCIRC,,(S) or RCIRC,,(t), 


|RCIRCn(P) |p = yd 





< yr rt 


& n(n —1). 








Theorem 2.8. ||RCIRC,,(0)||,_, <n and | RCIRC,(h) : <n. 
Proof. Let RCIRC,(@) = RCIRC,,(@ or RCIRC,,(h), 
n-1 
|RCIRC,|lz = ye 
k=0 








IA 
a 
3 
i 
a 
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81. Introduction 


Assume throughout this paper that q = e™’7, where St > 0. As usual, the classical Jacobi 
theta functions are defined as follows, 
co 


61(2|7) = ~igt S- Cte eee 


= 2gt So(-1)"g"" sin(an + Lz, (1) 
n=0 


= 2q4 Loree cos(2n + 1)z, (2) 


n=0 


63(z|T) = S- gr er**# = 142 S- g” cos 2nz, (3) 


n=—co n=1 
ee) 


Ba(zir) =~ (-1)"g™ e?™** = 1425 (—-1)"q™ cos2nz. (4) 
n=1 


n=— Co 


The q— shifed factorial is defined by 


CoO 


(a; q)o0 = []G-a9”), 


n=0 
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and sometimes is written as 
(41, 42,°°* ,@m;Q)oo = (41; )00(423 G)oo ++ (Am; 9) 


With above notation, the celebrated Jacobi triple product identity can be expressed as 
follow 


Co 


Sayre” = (Gi @)eo(2y aol 0/220 )oo. (5) 


n=— Co 


Employing the Jacobi triple product identity, we can derive the infinite product expressions for 


theta function. 


Proposition 1.1(Infinite product representations for theta functions) 


91(z|r) = 2q# sinz(q?; q) 00(q7e"**; 47) 00 (Ge "5 4")o0 (6) 
O4(z|7) = 294 (475 q)o0(—G7e***; 4?) 20 (Ge "*: 0, (7) 
03(z|7) = (473.47) co(—Ge™*; q”)o0(—Ge~ "5g" )oo (8) 
Bilal) =a a laalae er slGe a" ca: (9) 


When there is no confusion, we will use 0;(z) for 0;(z|T), 0; for 6;(z|T) to denote the 
partial derivative with respect to the variable z, and 6; for 6;(0|T),7 = 1,2,3,4. From the above 
equations, the following facts are obvious 


co 


6, = 2g? S(-1)"(2n + 1)gh) = 297 (75 @")3, 
n=0 
0. = q? s ght) = 2q8 (475 4?) o0(—473 47 )23 
03 = » ieee Ca ee eH an ee (10) 
j= 9 (-1)"a" = (47; 47) 00(—a; 4")2,. 


With respect to the (quasi) period 7 and 77, Jacobi theta functions 6;,1 = 1, 2,3, 4, satisfy 
the following relations 








61(z2+ a\7) = —O:(z|r), 01(z + rr|r) = —q7 te 776, (z|7), 

6o(z+ ar) = —Oo(z|T), O2(z + ar|r) = q>e77*769(z|7), 

O3(z+a|T) = O3(z|7),  O3(z + wr|7) = gq te" *"*63(zI7), (11) 
O4(z + a|7) = Oa(z|7), O4(z + ar|r) = —q e777 O4(z|7)., 
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and 
Tv Tv 
A(z + 5 T)=02(2|\T), O2(2+ 3|7) = —h(z\|T), 
Tv T 
s(2+ SIr) = Oalzlr), O42 + Slr) = @s(2l7), 
O,(z+ > Tr) =iM6.(z|r),  O2(z+ +h) = M63(z\r), 
03(2+ |r) = MOa(zIr), 842 + Ir) = iMAr(zI7), (12) 
mone a 1) = M6s(zlr), O2(z a) = ~iM6,(zI7), 
cee = PV HeitiGh, 1e¢— heMaeN: 
where M = q'/4e7, 


The following trigonometric series expressions for the logarithmic derivative with respect 


to z of Jacobi Theta functions will be very useful in this paper, 











ape 2 

—(z|T) =cotz — sin 2nz, 

A n=1 a: qn 

6! tae 2 

a, (2 T) =—tanz4 45 °( 0 es _ sin 2nz, 

2 n=1 7 

6! oS n 

3,7 T)= pea i —o sin 2nz, (13) 
ay ised n 

5, T)= 2s a sin 2nz. 


One may prove the Jacobi imaginary transformation formulas of the the theta functions 


employing the Poisson summation formula [?, pp.7-11] 


Lemma 1.1. If z is complex, Sz > 0, and —1i7 = 1 for 7 = 7, then we have 


D> 
pan 
a 


iV—ire!? "79, (zI7), 








z 
= 
z 1 - iz? /(xT) 

@2| —|-— — } = V—ite O4(2|7), 
T T 

1 ; 

an(< = 2) = V—ire!™ (7) 65(z\r), (14) 
T T 
z 1 A iz? /(ar) 

04{| —| -— — ) = V—ite 02(z2|T). 
T T 
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In particular, by setting z = 0 in above formulas we find that 


o ( 7 | = —ir/—ir6)(7) 


on( - | = V—ir64(r) 
oa( - ~) = V-iT62(r) (15) 
a.( — ~) = V-i763(7) 


Suppose that E;(7) is the normalized Eisenstein series of weight 2k defined as 
0o |, 2k—-1g2n 


4k q 
Fo, =1 
* Box, d Lar 


n=1 





where Bo, is Bernoulli numbers defined as the coefficients in the power series 


co 


k 
z z 
ez —1 » El 


=—0 





And it is easy to show that Bo,41 = 0 for k > 1, and the first few nonzero values of By are 


given by Bp = 1, B, = -t, Bg = 2, By= — 35: Be = zB: Then near z = 0, 3 (z|r) has the 


ale 


Laurent expansion formula 





Let o;,(n) denote the sum of the kth powers of divisors of n, namely, o%(n) = dian a 
Then the first three Eisenstein series Ep, are given by 


a 2n 
n=1 


niqer 


1 — gq?” 





E,=1+2405 (16) 
n=1 
oo 5 yen 
Es =1-5045~ = 
n=1 





Theorem 1.1. The sum of all the residues of an elliptic function in the period parallelo- 


gram is zero. 


§2. Main theorem and proofs 


Theorem 2.1. For x,y, 


M% 
04 


0! Cy 6 
4(y) — *(a + y) = 0203 
04 04 


B4()O4(y)Oa(x + y) 





(x) + 





(17) 





Vol. 9 Some theta identities and their implications 77 





Proof. We consider the following function 


_ O4(z + x)O4(z + y)Oa(z —r- y) 
67 (z)64(z) ’ 


by the definition of 0;(z|T), we can readily verify that f(z) is an elliptic function with periods 


f(z) 





nm and mT. The only poles of f(z) are 0 and 5°. Furthermore, 5 is its simple pole and 0 is its 


pole with order two. By virtue of the residue theorem of elliptic functions, we have 


ME: 


Res(f; > 


) + Res(f;0) = 0. (18) 


And applying relation of 6; and @4 in (12) and L’Hopital’ rules, we can obtain 











Res(f; 9) = lim (2 - “)F(2) 
pam Ea EDOa(z + w)Oalz + w)Oalz— 2 y) 
5 03(2)0a(2) 








Next we compute Res(f;0), 
Res(f;0) = lim © (2 f(2)) 
COS — 20 dz 


= tim #719]? + £0) 


z—0 z f 


j 2 2 04 i i i i 
= lim z s(2)|2 a + x) 4 a ty) 4 
nC) 
- 2262) - 20)| 
04(1)Oa(y) Bale + 9) (4, | 
=? Bo + Bw -Fery). (20) 











From theorem 1.1, substituting (19) and (20) into (18), by performing a little reduction we 
can complete the proof of theorem. 
Corollary 2.1. 








OV na f Oe es — gr y2 Fula + yO (@ = y) 
(Zt) «- Gt) @ = Ca ae 
Proof. We differentiate (17) with respect to y, and then set y = 0, then 

(St) cor- (Ft) = a6)? FR) (22) 


Now we combine with another elementary identity [7, p.467], 


67 (x)05(y) — O1(y)O4(x) = 0501 (a + y)O1(x — y). (23) 
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From (22) and (23), we can obtain 


(Zt) «- (Fh) r= ooe[ (3) - (55) 
Y (y) = 9 











This completes the proof of corollary 2.1. 
Remark. The identity (21) is often written in terms of the Weierstrass elliptic and sigma 
functions as [7, p.451], 





_ o(xt+y)o(x—y) 
(y) _ g(a) = o?(x)o2(y) : 


Theorem 2.2. (Ramanujan’s modular identity) 


Koss gent 5n+2 5n+3 


q q | = 
i get?” G— gin 2)2 GT — gint3y2 gin 2 





Proof. We recall (13) for #4 (z|r),then 





a oo co ng” (err 4 etna) 

— | (z|T) =8 cos 2nz = 4 ; 25 
(Ft) (ein ys eer (25) 
n (21), we replace t by 5 27, and choose y = sar and « = “7, using the Jacobi triple product 


identities for the theta functions. We can see that 











TT OT 3807 57 1 TT OT 5T 
u (2) —a(E)a (es) 
TT OT oT oa 5n " 
fla l ale )=-9* [a= ae) (26) 
n=1 
' 5T Ty 5n\3 
(01 ) = 248 [Ja-a)’. 
n=1 
Then from (21), (25) and (26), we have 
grt 5n+2 5n+3 5n+4 
q q 4 
‘7 go?+1) ( = gort2)2 (1 _ gor +3)2 : (1 _ gor+4)2 


n= a 
2n 3n An 


nq nq nq 
aay af 1 — q®” i-g 1-q@ 


n=1 


_ a, \' ES 64 \' a 
= Vay a |e 04 D 
= -(a(a2))" reece 

NOT) GCF FACT) 


7 (1 _ Bene 
=4a]] qog 
n=1 
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This completes the proof of the theorem. 


From above procedure, we can rewrite theorem as 


(3) CEE) - Gi) GE) dL 





From Jacobi imaginary transformation lemma 1.1, we have 


01, LN. sae Oey 2ir 
(2) (B12) (Jno 
Then we have the following corollary: 


Corollary 2.2 


5n+1 (5n ae vA ieee (5n a agers (5n A Agent 


; poo 





1—qgirtl 1 — gr+2 T—gort3 5 = gint4 
n=0 
_ Il G=@) 
~ —@ 
n=1 : = 


Proof. We can replace t by —+ in (27) and applying to (28), then (27) becomes 


+ (8) Gie)- @) Gis)| - 








2 it becomes 


(C2) Go)- @) Gola) |= SS 


From (13), we can obtain 


then replace 7 by 








05\' 2 
(F) cin Ir) Ss ecuey 14S " cos i 
2 


Next we can deduced (29) from (30) and (31) directly. 
Therefore, This complete the corollary 2.2. 


(27) 


(28) 


(29) 


(30) 


(31) 


It should be remark that Bailey |") also derived (24) and (29) ina similar fashion. However 
the key difference between our approach is that he derived corollary 2.1 from 6W6 which is much 


less elementary than (17). Moreover by recasting these identities (27) and (30) in terms of 


theta function identity , we can easily discover and deduce other companion identities from the 


basic properties of the theta functions. 


80 Hai-Long Li and Qian-Li Yang No. 3 





Corollary 2.3. 


oo 5n+1 5n+2 5n+3 5n+4 








So q q q ry q 
rll — gbPt1)2 (= gr t2)2 (1 — gin t3)2 © (1 — gin t4)2 
=q][a-™a-¢" ya -g)Fa +0"), 
n=1 
(Bn + 1)g*2 (Bn +.2)q5"*? — (Sn + 3)q"t> — (5n + 4)qor*4 
dX 1 — qior+2 1 — qidnt4 1 — qidn+6 mye qion+8 





=q][@+aa-a")8a- oF + 9"). 
n=1 
Proof. We recall the identity (21), and replace x by + § and y by y+ 4, then we obtain 


(Zi) (3) = a 


Now replacing t by 2 37, and choosing y = aan and x = 77, we can deduce the corollary. 





§3. Implications for modular identity of Ramanujan 


Clearly, the identity (21) can generate unlimited number of similar identities. Since the 
proofs are identical and straightforward, we only list a few without providing the details of 


proofs here. 











got 6n+2 6n+4 6n+5 
>> 6n-+1) ao _ aa + _ 5) 2 (32) 
rer aay (Pagers il agrinrey es agin’) 
a4\' 04 \' 
“(io (8) Cm 
6, (22737) 0, (42 |3 
= ~(04 (o[37)) 7 ABD Be) 
03 ( 5 |37) 03 (7/37) 
oo Te 6n)\3 1 3n)\3 
=4g]] q z Ce sad 
a, oa le") 
co 6n+2 2qort3 go t4 (33) 





g | 
1G _ grt?) (1 = gots)? ' (1 = gort4)2 


= (A) Ein - (FY orn 


= —62(0|37)62(0|37) Gat 





= TTS a ee 
a( 1g”)? 





- ras 
4 63(0|5) ” 
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got 2qo"t3 6n+5 


q 





ee q6?+1) (1 = gor +3)2 (1 = gort5)2 (34) 
6, \' 6 
= (2 (327|37) — (FY (0|37) 
= - A olsn e018) pee 


[oe} 


= taf poate 


@ 3) 2 1)\2 
cere — sO aime ) 


= 192/37 )92 (0/7). 
8 (al ) (015 


By acting the imaginary transformation on above three formulas (32), (33) and (34), we 





can obtain, respectively, 























(6n+1)q8"*1  2(6n4+3)q®"*3 = (6n +5) gS" 
1-3 ~S a 1 — g6n+3 1 — g6r+5 (35) 
4 I a ie ie Sar a 
a ae agen) 
(6n+1)q5"*!  3(6n + 2)qg°"*2 — 4(6n. +3) gO" 43 
7 = gort1 1 — g6n+2 1 — g6n+3 (36) 
3(6n + 4)q°"*4 = (6n +5)q"*° 
1-— a 1— gor+5 
? It wel gry 
2(1 — qon-3)2 
= of (7) 
03 (0|37) ’ 
1)q 6n+1 2 6n+2 4 6n+4 6n+5 
1-ay§ (6n + (6n + 2)q (6n + 4)q (6n + 5)q (37) 


el _ we Le qor+2 1= go+4 1 = grt 


=o aw 
= fe ae ee il 


lel) 


Theorem 3.1. In [6], Ewell derived the following identity in virtue of the quintuple 


63(0I7) -1-05:( gt gin? = 


04(0|37) om 14 31 14 g3rti 





=a 


product identiy 





to study the sums of three squares. The identity (36) is the Lambert series for the square of 
(38) 
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On the other hand, in [5], authors define 
a (l= oo 1 — g8n)3 
- Near ") and c(q) = 3q3 II ea 


to study some cubic modular identities of Ramanujan. It is interesting to observe that the 
identities (32) and (35) are the Lambert series for $c(q)c(q”) and b(q)b(q”) respectively. 


§4. Extension and generalization 


It is surprising that hidden with (32), (33) and (34) is the following beautiful modular 


identity of Ramanujan, 
05(0 a 3 4 
a) cg |e (I) ag: (39) 
62(0|37) 62(0|37) 


To see this, we note that the identity (32) is exactly the difference of (33) and (34), therefore, 


A3(0|5) ( ( 92(015) \* oe ‘Cag 
#(0)5) (3 1) = 1641] Ue =m 




















Hence 
62(0|7) 17, a-@" a — 431 - ¢")2(1 + a") 
Gas ~ GU Gea Pa yd) ae 
me Il Lage ae =a ya": 
g2. Vee er aga le) 
_1y7 +a")? 
7 gil (1+ 3")? 


On the other hand, 


Co 


gira)” _ gen?) = > (ar = gent?) 


n=— Co 


= S- (qirttH8) 4 gies) 


i 
“3 


62(0|7) = 02(0|97) 


co Co 


= Ly gn-3) ah gore?) = qi > gr (q3" a. oy 


n=—Cco n=—Co 


Co 


3 
= 2g? So gi" = 2976s (23 or) 


n=—Cco 


a 1 UL Tu 
= 2q4 J] —a'")a tg). t gi). 


Therefore, 
G2(015) _, _ 83(01§) ~ 82(0137) _ oni tee +a a 


62(0|37) 7 62(0|37) (1 + (1 + q6)3 
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Clearly, the identity (39) now follows from (40) and (41). 
We note that if we apply the imaginary transformation to (39) , then we obtain 


64(0|r) ) ( “l0lse) 
3 —1) =9(3 -1. 42 
Coca 94(0Ir) a 
And using the familiar facts that 44(0|r+1) = 43(0|7), 43(0|—+) = V—i763(0|r) and 64(0|—+4) = 
V/—1702(0|r7), it is easy to derive the general formula 


E2 -1) 64 (0|37) 














6;(0|97) (097)? 
9(0|9r) _,\° _ 92 (0137) _ 
(3 6;(0|r) 1) — 6+(0|7) . 


for 1 = 2,3,4. (see a different proof of reference to [4,p.143]. 

Finally we end this paper by extending this (17) and applying this generalization to derive 
a few well-known identities. 

The identity (17) together with the following identity [17,p.324] 


A1(y)O4(x)A1 (x + y + 2)Oa(z) + O1(2)O1(z)O4(y)Oa(a + y + 2) = O4Oa(a + z)Oi(y + z)A1(z + y) 


can yields an identity which is an extension of (17), 


94 (an) 4 4 (4) 4 O45) — 98 cyte) = (6) Let wary + 2)Or(e + 9) 
9, ! 9, Y) I a, | ) a, | ryt )=( AOU NO Cea ek 








We can see that this identity can re-derive many identities of Ramanujan. For example, if 


ile 
2 


and setting «= 47,y = 247, z = *47, then we get 











replacing T by 


gilnts 


1— qiint1 1-— giints 1— qiint4 1-— qilnts 





iSecd ( gin giint3 giint4 
n=0 


11n+6 lin+7 


qd qd 
1— qiint+6 ie qiin+7 


7 Il (1 — ght—2)(1 — gitn-9)(1 — gin)? 
= Tit (1 _ qiln—-1)(1 = qiin-5)(1 = qiln-6) (1 _ quin=10) ° 


q 
1—qilnt8 1 — giin+10 





11n+8 gilntlo ) 





Again, we applied the imaginary transformation to (17), then we have 


91 (x) 61 (y)O1(x + y) 
O2(x)02(y)Oo(a + y)” 


In (17) and (43), replacing + by 77 and setting x = 17, y = 277, we can obtain, respectively, 


05 
02 


95 
) 


95 
) 





(a) + 3 (y) (x+y) = 0364 





(43) 





1 T Tr oo gq? —- gr — gr +qreqi — gi 
—43(0|=)62(0|—) = 
7 62(015)02(0| 2) = oe , 





n=1 


and 





q’ ae gn = gr ae q’” = ge = ge” 
T= qi ) : 


64(0|r)04(0|77) = 1 25 (-1"( 
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Both identities are known to Ramanujan in [3,p.302]. 
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§1. Introduction and preliminaries 


A. Csaszar !"] has introduced and studied generalized open sets of a set X defined in terms of 
monotonic functions y: P(X) — P(X). w= {AC X/AC 7(A)} is called the family of y-open 
sets which is closed under arbitrary union and ¢ € p, then y is called a generalized topology. 
Let X be a non-empty set and yz be a collection of subsets of X. Then p is called a generalized 
topology (briefly GT) on X iff ¢ € w and G; € wu fori € I # ¢ implies G = UjerGj € wu. 
Generalized topological spaces are important generalizations of topological spaces and many 
results have been obtained by many topologist °45-"4.], A generalized topology is said to be 
strong 7] if X € p. 

A space (X, 4) is said to be quasi-topological space Ll ae vis closed under finite intersection. 
The generalized closure of a subset S of X, denoted by c,,(S), is the intersection of generalized 
closed sets including S and the interior of 5, denoted by 2,,(S), is the union of generalized open 
sets contained in S. 

IfwisaGT on X, AC X, xe X, then x €c¢,(A) iffeinMenp>MNAF Gand 
eu(X/A) = X/i,(A). 

In this paper, We define a new class of sets called \;-closed sets in generalized topological 
spaces and some of their properties are established. 

Definition 1.1. '°! Let(X,) be a GTS and A C X, then A is said to be 

(1) yesemi open if AC ¢,,(i,(A)), 

(2) p-pre open if AC i,,(¢,(A)), 

(3) pea open if AC i,,(¢yt,(A)), 

(4) 8 open if AC ¢,,(i,ceu(A)). 

Let us denote o(j1x) (briefly ox or a) the class of all -semi open sets on X, by m(jx or 77) 
the class of all -pre open sets, by a(jzx or a) the class of all p-a@ open sets, by G(t1x or 3) the 
class of all u-@ open sets. 

Definition 1.2. 1] Let (X,y) be a GTS and A C _X, then A is said to be p-J-open if 
AC i, (cn(A)). 
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The closure of a subset S of X, denoted by c;(A) is the intersection of generalized J-closed 
sets including S and the interior of S, denoted by i;(S), is the union of generalized J-open sets 
contained in S. The set of all J-open sets is denoted by JO(X). The set all J-closed sets is 
denoted by JC(X). 

Theorem 1.1. Let (X, 4) be a generalized topological space. Then 

(1) c,(A) = X —i,(X — A), 

(2) i,(A) = X — ¢,(X — A). 

Definition 1.3. !! Let(X,\) be a GTS and A C_X, then A is said to be Ag-J-closed if 
Co (A) C U whenever A CU and U € JO(X). 

Lemma 1.1. !"! Let (X, ju) be a quasi-topological space. Then c,(AU B) = (A) Uc,(B) 
for every subsets A and B of X. 


§2. J-Closed sets in generalized topological spaces 


Definition 2.1. A subset A of a space (X,A) is said to be gJA-closed if c,(A) C U 
whenever A C U and U € JO(X). The complement of gJ,-closed set is called an gJ-open 
set. 

Definition 2.2. A subset A of a space (X,.) is said to be JXg-closed if cz7(A) C U 
whenever A C U and U € JO(X). The complement of JXg-closed set is called an JAg-open 
set. 

Theorem 2.1. Let (X,) bea GTS and AC X, then 

(i) Every closed set is gJA-closed, 

(ii) Every closed set is Jg-closed, 

(iii) Every J-closed set is JAg-closed, 

(iv) Every gJA-closed set is a A_-J-closed set, 

(v) Every JXg-closed set is a \.-J-closed set. 

Theorem 2.2. Let (X,A) be a quasi topological space and A C X. If A and B are 
gJ-closed subsets of X, then AU B is also a gJA-closed set. 

Proof. Suppose A and B are gJ-closed. Let U be a J-open set such that AU BC U. 
Since A and B are gJ)-closed set, c,(A) C U and c,(B) C U and so ¢)(A) Uc,(B) C U. 
Therefore c,(AU B) CU. 

Remark 2.1. The intersection of two gJ-closed sets is not a gJA-closed set. 

Example 2.1. Let X = {a, b, c} and A = {¢, {b}, X}. If A = {a, b} and B = {b, c} 
are gJ-closed sets. but AN B = {b} is not a gJA-closed set. 

Theorem 2.3. Let (X,\) be a GTS and A C X. Then A is JAg-closed if and only if 
F Cc;(A) — A and F is J-closed implies that F = ¢. 

Proof. Let F be a subset of J-closed subset of cj(A) — A. Since A C X-F and A is 
JXg-closed set, c7(A)-A C X-F and so F C X-c;(A)-A. Therefore F = ¢. 

Conversely, U is a J-open set such that A C U. If c;(A) not a subset in U, then cz(A) NM 
(X — U) is a non-empty J-closed subset of c7(A) — A, which is a contradiction. Therefore, 
cy(A) CU , which implies that A is JAg-closed set. 
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Theorem 2.4. Let (X,\) be a GTS. Let A and B be subsets of X. If AC BC c;(A) 
and A is JAg-closed, then B is Jg-closed. 

Proof. If F is J-closed such that F C c7(B)— B, therefore by hypothesis, F’ C c7(A)— A. 
Since A is JAg-closed, by theorem 2.3, F = ¢ and so B is JAg-closed. 

Theorem 2.5. Let (X,A) bea GTS. Let AC X be a gJA-closed set of X, then c7(A)/A 
does not contain any non-empty J-closed set. 

Proof. Let F be a J-closed set of X such that F C cj;(A)/A. Then F C X/A and 
hence A C X/F € JO(X). Since A is gJ-closed c7(A) C X/F and hence F C X/cz(A). So 
FC X/cs(A)N (X/cs(A)) = ¢. 

Theorem 2.6. Let (X,) bea GTS. Let A C X is gJA-open iff F C %,(A) whenever F’ 
is a J-closed set such that FC (A). 

Proof. Let A be a gJA-open set of X and F be a J-closed set such that FC (A). Then 
X/A is a gJA-closed set and X/A C X/F € JO(X). So c\(X/A) = X/i,(A) C X/F, thus 
FC ip(A). 

Conversely, let F C i,(A), whenever F is J-closed such that F C A. Let X/A C U where 
U € JO(X). Then X/U C A and X/U is J-closed. By the assumption, X/U C 7,(A) and 
hence c,\(X/A) = X/i,(A) C U. Hence X/A is gJ\-closed and hence A is gJA-open. 

Theorem 2.7. Let (X,\) be a GTS. If A is a gJA-closed subset of X, then c,(A)/A is 
gJ-closed. 

Proof. Let A be a gJ,-closed subset of (X,A). Let F be a J-closed set such that 
F C ¢)(A)/A, so by theorem 2.5, F = ¢ and thus F' C %)(c,(A)/A). So by theorem 2.6, 
c(A)/A is gJA-closed. 


§3. A,;-Closed sets in generalized topological spaces 


Definition 3.1. A subset A of M; = U{B/B © J} of aspace (X, A) is said to be \;-closed 
if c7(A) A. Mz C U whenever A C U and U € JO(X). The complement of \;-closed set is 
called an A j-open set. 

Theorem 3.1. Let X ba a non-empty set and X be the generalized topology on X and 
AC X. Then the following properties hold: 

(i)(X — M7) is a J-closed set contained in every J-closed set, 

ii) c7(ANM 7) NMy= c7(A)N My, 
iii) If A is J-closed, then cy ANMj)NM; = ANM,, 
iv) ¢x(A) = (ex(A)N My) U(X — Mp), 

) If A is J-closed, then A= (AN M7) U(X — M,). 

Proof. 

(i) If G is J-open, then G C M,. 

(ii) We know that c7(ANM j)AM, Cces(A)OM,. Let x € c7(A)NM,. Then x € c;(A) 
and « € M,. Now x € c;(A) implies that GN A ¢ ¢ for every J-open set G containing x and 
soGN(ANM,) ¢ ¢ for every J-open set G containing x. Therefore, x € c7(A)N.M,, and so 
xecs(A)AMsNM,. Hence c7(A)AMs C c7(ANMs)N Mz. 


( 
( 
( 
(v 
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(iii) A is J-closed i.e. cz(A) = A. From (ii), we have c7(ANM 7) Mz = c7(A)N My = 
ANM,. 

(iv) c7(A) = cy (A)NX = c7(A)N(M U(X —M7)) = cr (A)N(M 7) Ucr(A)N(X-M 7) = 
cy(A)N (My) U(X — My). 

(v) Since A is J-closed, from (ii) we have, c7(A) = (c7(A) AM 7) UX — Mz) ie. A= 
(AN M7) U(X — M7). 

Theorem 3.2. Let (X,A) be a GT'S and A C X, then the following properties hold: 

(i) If A is J-closed subset of X, then AN M, is X;-closed set, 

(ii) cy(A) NM, is a A;z-closed set for every subset A of X. 

Proof. 

(i) Let AN. M; CU and U be J-open. Since c7(AN Ms) NM 7 =cz(A)N Mz, we have 
cHANMs)NMs=ANM, CU and so ANM, is \J-closed set. 

(ii) it follows from (i). 

Theorem 3.3. Let (X,A) be a GTS. Then a subset A of M7, is \;-closed if and only if 
F Cc cj;(A) — A and F is A-J-closed implies that F = X — M,. 

Proof. Let F be a J-closed subset of c7(A) — A. Since A C X — F and A is \j-closed 
set, cy(A) 7M C X — F and so F.C X — (c7(A) NM) = (X — c7(A)) U(X — M7). Since 
F Cc cj;(A), we have F Cc (X — M7). Therefore F = X — M,. 

Conversely, Let A C U and U € J. Suppose (c7(A) I Mz) MN (X — U) is a non empty 
subset. Then (c7(A) NM 7) N (X —U) C (e7(A) N (X —U) C e7(A)N(X — A) C eJ(A) NA. 
Thus (c7(A) 7M. 7) A(X — U) is a non empty J-closed set contained in c7(A)M A. Therefore, 
(c7(A)N Mz) N (X —U) = ¢, which is a contradiction. Therefore, (c7(A) MM. 7) C U which 
implies A is a \,-closed set. 

Theorem 3.4. Let (X,) be a GTS. Then a ,;-closed subset A of M is a J-closed set, 
if c7(A) — A is a J-closed set. 

Proof. c;(A) -A=X-—M =. Then c;(A) = AU(X — M). Therefore A is a J-closed 
set. 

Theorem 3.5. Let (X,A) be a quasi topological space and A C X. If A and B are 
Aj-closed subsets of X, then AU B is also a \,-closed set. 

Example 3.1. Let X = {a, b, c} and \= {¢, {a}, {b}, {a,b}, {a,c}, {b,c}, X}. Then 
d is a generalized topology but not a quasi topology. A = {a} and B = {b} are \j-closed sets. 
but AU B = {a,b} is not a A,;-closed set. 

Example 3.2. Consider the topological space (X,7) where X = {a, b, c} and \ = 
{¢, {b}, X}. If A = {a, b} and B = {b, c} are ;-closed sets, but AN B = {b} is not a 
A 7-Cclosed set. 

Theorem 3.6. Let (X,A) be a GTS. If A is A,;-closed subset of Mz and B is J-closed, 
then AN B is a A,-closed set. 

Proof. Suppose AN B C U where U is J-open, then A C (UU (X — B)). Since A is 
A -closed, ¢7(A)NMz C (UU(X — B)) and so e7(A)N BAM) = (c7(A) Ues(B))NM, CU, 
which implies that (c;(AU B))1.M CU and so ANB isa Xj -closed set. 

Definition 3.2. A subset A of M in a space (X, \) is said to be Aj;-open if M,; — A is 
dA 7-Cclosed. 
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Theorem 3.7. Let (X,\) bea GTS. Let A C M, is Aj-open if and only if FAM, C 
iz(A) whenever F is J-closed and FMM, C A. 

Proof. Let A be a Aj-open subset of M, and F be a J-closed subset of X such that 
FOAM, CA. Then My—-ACM,—-(FOM)) = M,-—F. Since M; — F is J-open and 
M,,—A is X;-closed, c7(Mz— A)AMs C Myz—F and so F CM, —(e7(Mz— A)AM 7) = 
Min (Ms — e7(M 7 — A)) = i7(A) NM, =77(A), which implies FMM, C A. 

Conversely, Let A be a subset of M7 and F be a J-closed set such that FMM, C A. 
By hypothesis, FMM. 7 C i;(A) which implies that Mj —77(A) C Mz — (FM) and so 
cr(Mz—A) C Mj—F. Then c7(Mz—A)NMy C(Mz—F)NM sy = My, — F which implies 
that M7 — A is A;-closed and so A is A;-open. 

Theorem 3.8. Let (X,A) be a GTS. Let A C M, is Xj-open if and only if U = M, 
whenever U is J-open and i;(A) U(M, — A) CU. 

Proof. Suppose A is \j-open and M is J-open such that i7(A) U(M,— A) CU. Then 
My; —U C (Mj; —i37(A)N A) = c7(Mz — A)N A = c7(Mz — A) — (Mz — A) and so 
(M7 —U)U(X — My) Ces(Myz — A) NA, by theorem 3.3, (M7 —U) U(X — M,) and so 
(Mj —U) = ¢ which implies M; = U. 

Conversely, Let F be a J-closed set such that FMM, C A. Since i7(A) U(M, — A) C 
ig(A) U (My — F)U (Mz — Mz) = i7(A) U (My — F) and i7(A) U (Mz — F) is J-open, 
by hypothesis, Mj; = i;(A) U(M, — F) and so FNM, C (i7(A) U(My — F)N F) = 
(i7(A) NF) U(M)y —- FOF) =17(A)N F Ci;(A). By definition 3.2, A is \j-open. 

Theorem 3.9. Let (X,A) be a GTS. Let A and B be subsets of M;. Ifiz(A) CBCA 
and A is \;-open, then B is \j7-open. 

Theorem 3.10. Let (X,) be a GTS. Let A C M, is \j-closed if and only (¢7(A) — 
A)MM, is Aj-open. 

Proof. Suppose (cj(A) — A) NM, is Ay-open. Let A C U and U is J-open, since 
(c7(A)N (Mz —U) C (e7(A) A (My — A) = (c7(A) — AVA M 7. (e7(A) — A) AM is Az-open 
and (c;(A)N(M z—A) is J-closed, by theorem 3.7, (c7(A)A(M z—U) C i7((e7(A)—A)NM 7) C 
tg(es(A) NM ig(My — A)) © tg(es(A) Nis(X — A)) = t7(cz(A)) N(X — cs(A)) = G. Therefore 
cr(A) A.M 7 CU which implies that A is A ;-closed. 

Conversely, suppose A is A,-closed and FNM, C (c7(A) — A) AM, where F is J-closed. 
Then F C (c;(A) — A) and by theorem 3.3, F = X — M, and so ¢ = (X —-Mj)N My, = 
FOAM, C (e7(A) — A) AM, which implies that FM 7 C i7(c7(A) — A) OM). Therefore, 
cj(A) — A is Ay-open. 
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§1. Introduction and preliminaries 


Let A denote the class of functions f of the form 


Fl2) = 2+ Yo an2” (1) 


in the open unit disc E = {z: |z| < 1}. Let S be the subclass of A consisting of univalent 


functions. For any two analytic functions g and h respectively with their expansions as 
9(2) = opp anz® and h(z) = Py bez*, the Hadamard product or convolution of g(z) and 


h(z) is defined as the power series 


(g*h)(z) = Sandy". (2) 
k=0 


19,20] 


The Hankel determinant of f for gq >1 and n > 1 was defined by Pommerenke | as 
an GQn41 7°" An+tq-1 
Qn+1 An+2 ee an+q 
H,(n) = (3) 





Qn+q-1 Gn+tq °*' An+2q—2 


92 D. Vamshee Krishna and T. Ramreddy No. 4 





This determinant has been considered by many authors in the literature [15]. For example, Noor 
[6] determined the rate of growth of H,(n) as n — oo for the functions in S with bounded 
boundary. Ehrenborg |! studied the Hankel determinant of exponential polynomials. The 
Hankel transform of an integer sequence and some of its properties were discussed by Layman 
in [11]. One can easily observe that the Fekete-Szegé functional is H2(1). Fekete-Szegé then 
further generalized the estimate |a3 — j1a3| with pz real and f € S. Ali ?! found sharp bounds on 
the first four coefficients and sharp estimate for the Fekete-Szegé functional |73 — ty3|, where t 
is real, for the inverse function of f defined as f~!(w) = w+ 3>>°., Ynw” to the class of strongly 
starlike functions of order a (0 < a < 1) denoted by ST(q). For our discussion in this paper, 
we consider the Hankel determinant in the case of g = 2 and n = 2, known as second Hankel 
determinant 

a2 a3 


= a2a4 — az. (4) 
a3 ag 


Janteng, Halim and Darus !°! have considered the functional |aga4 — a3| and found a sharp 
bound for the function f in the subclass RT of S, consisting of functions whose derivative has 
a positive real part studied by Mac Gregor !"7]. In their work, they have shown that if f € RT 
then |aga4 — a3| < 4. The same authors |) also obtained the second Hankel determinant and 
sharp bounds for the familiar subclasses of S, namely, starlike and convex functions denoted 
by ST and CV, shown that |a,a4 — a3| < 1 and |aa4 — a3| < § respectively. Mishra and 
Gochhayat !!%] obtained the sharp bound to the non- linear functional |a2a4 — a3| for the class 
of analytic functions denoted by Ry(a,p)(0 <p <1,0<2A<1,]a| < §), by making use of the 


fractional differential operator due to Owa and Srivastava !!7], They have shown that, if f € 
(1—p)?(2—A)? (3—A)? cos? 
9 





R)(a, p) then |aga4— a3| < { \. Similarly, the same coefficient inequality 


was calculated for certain subclasses of analytic functions by many authors ((1], [3], [14]). 


Motivated by the above mentioned results obtained by different authors in this direction, 
in this paper, we consider certain subclass of analytic functions and obtain an upper bound to 
the functional |a2a4 — a3| for the function f belonging to this class, defined as follows. 


§2. Definitions and lemmas 


Definition 2.1. A function f(z) € A is said to be starlike function with respect to 
symmetric points, if it satisfies the condition 


2zf'(z) 


The set of all such functions is denoted by ST,, introduced and studied by Sakaguchi (5). 


Further, he has shown that the functions in S'T, are close-to-convex and hence are univalent. 
The concept of starlike functions with respect to symmetric points have been extended to star- 
like functions with respect to N-symmetric points by Ratanchand 24! and Prithvipalsingh ?4). 
Ramreddy |?! studied the class of close-to-convex functions with respect to N-symmetric points 
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and proved that this class is closed under convolution with convex univalent functions. 


Definition 2.2. A function f(z) € A is said to be convex function with respect to 
symmetric points, if it satisfies the condition, 


2{zf'(2)} \ 
Re >0, VzeE#. 6 
Remeeesiesy ~ 
Definition 2.3. A function f(z) € A is said to be in the class STCV,(G)(0 < 6 < 1), if 
it satisfy the condition 





2 {zf'(z) + B2* f"(z)} 
(1 — 8) {f(z) — f(-2)} + Bizf'(2) + 2f'(-2)t 
It is observed that for G = 0 and @ = 1, we obtain STCV,(0) = ST, and STCV,(1) = CV, 
respectively. 


Re 








| >0,Vz€ E. (7) 


We first state some preliminary lemmas required for proving our result. Let P denote the 
class of functions p analytic in E for which R{p(z)} > 0, 


p(z) = (1+ e.2 + c92" + 327 +...) = 








1+ Soa Vze BF. (8) 
n=1 


Lemma 2.1. [!®: 26 If p € P, then |cj| <2, for each k > 1. 
Lemma 2.2. [] The power series for p given in (8) converges in the unit disc E to a 
function in P if and only if the Toeplitz determinants 


2 Cy C2 ++ Cn 
C_j{ 2 C1 es Cn—-1 
Dn =|, : : : ; n= 1,2,3,--- 
Cn C-n4+1 C-n4+2 °"' 2 


and c_~ = Cx, are all non-negative. These are strictly positive except for p(z) = 77, prpo(exp(itz) 2), 
pr > 0, t, real and t, ¢ t;, for k # j; in this case D, > 0 for n < (m—1) and D, = 0 for 

n >m. This necessary and sufficient condition is due to Caratheodory and and Toeplitz, can 

be found in [7]. We may assume without restriction that c; > 0. On using lemma 2.2, for n = 2 

and n = 3 respectively, we get 


2 Cy C2 


Do=|% 2 ce |= [8+ 2Ref{cico} — 2 | ce |? — 4c7] > 0, 


G@ G& 2 
is equivalent to 
Qco = {c? +: 2(4—c?)}, for some 2, |x| <1. (9) 
2 Cy C2 C3 
G@ 2 a4 e¢ 
pi 1 1 © 


@ G& 2 q4 


G G G 2 
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Then D3 > 0 is equivalent to 





|(4e3 — 4excg + c3)(4 — c?) + e1(2c2 — c?)?| < 2(4 — c?)? — 2|(2ce — c?)|?. (10) 


From the relations (9) and (10), after simplifying, we get 





deg = {c? + 2c1(4 — @) x — c1(4 — 2) x? + 2(4 — c7)(1 — |x?) 2}, 
1 


for some real value of z with |z| < 1. 
Theorem 2.1. If f(z) = 2+ >).5 Ganz” € STCV,(8)(0 < 8 < 1) then 


|aza4 — a3| < Laaam| : 
(1+ 28)? 


Proof. Let f(z) = 2+)>>-5 an2" € STCV,(@), from the definition 1.3, there exists an analytic 
function p € P in the unit disc E with p(0) = 1 and R{p(z)} > 0 such that 





(= ALI@) - F-2)} +B FG) + zion — 
=>2 {zf'(z) + B22 f"(z)} = [(1— 8) {f(z) — f(—2)} + Bfef' (2) + zf'(—2)} (2). (11) 


2{zf'(z) + B22 F"(z)} 


Replacing f(z), f’(z), f(z) and p(z) with their equivalent series expressions in (12), we have 


z ( + S- rane} + 62" 3 n(n — Dauet-2h 


n=2 


=|o-ar{ (=+ Soa) ( c+ Ye a')he 


B {: (: + - none") +2 (: + 3 neal") y x (: + 3 o2") : 


Upon simplification, we obtain 


2 











[((1 + 2(1 + B)agz + 3(1 + 28)a3z7 + 4(1 + 3B)a4z7 + ---)] 
=[(ltaz+{e@+(14 28)a3} 27 + {eg + (1+ 28)c1a3} 22 +--+]. (12) 





Equating the coefficients of like powers of z, z? and z° respectively in (13), we have 


{2(1 + B)ag = c1;38(1 + 2B8)az3 = {ep + (14 28)as};4(1 + 38)aq = {cg + (1 + 28)c1a3.} 


After simplifying, we get 


Cl C2 


(= 304) = 30 aD) an a 








1 
wt 8+ 38) 
Considering the second Hankel functional |aga4 — a3| for the function f € STCV,(3) and 
substituting the values of ag,a3 and a4 from the relation (14), we have 


C1 1 a 


(+A) * Ba 43p) 723 +9) — Gay appl: 





(14) 





lows ~ al =| 
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Upon simplification, we obtain 


1 


a3| = 16(1 + B)(1 + 28)2(1 + 38) x |2(14 28)? c1c3 + (1 +28)? cfc2 — 4(1+ 8)(1438)c4]. 





|aza4 


The above expression is equivalent to 


1 
~ 1611+ B11 + 28/211 + 38 





|a2a4 a3| ) x |dicics + dgcicy + d3c5| ; (15) 


Where 
{dy = 2(1 + 28); do = (1 + 28)?; dg = —4(1 + B)(1 + 3f).} (16) 


Substituting the values of cy and c3 from (9) and (11) respectively from lemma 1.2 in the right 
hand side of (16), we have 





1 
|dicic3 + dgcice + d3c3| = |dic, x rac + 2¢(4— ct)ax —«a(4— ct) x” +2(4 ct)\(1 |x|?)z} 





1 1 
dycj x 5 {ct + &(4 — ct)} + ds x race + a(4 — cy)}"|. 


Using the facts |z| < 1 and |za + yb| < |a|la| + |y||b], where x, y, a and b are real numbers, 
after simplifying, we get 


A|dycic3 + dactc2 + d3c3| < |(di + 2d2 + d3)et + 2dye1(4 — cf) + 2(di + de + ds)c} (4 — ef) |a| 
{(di + d3)c} + 2dye, — 4d3} (4 — cf)|a/?|. (17) 








Using the values of di, dz, dz3and d, from the relation (17), upon simplification, we obtain 
{(di + 2da + ds) = 46"; dy = 2(1 + 26); (di + do + ds) = —(1+48).} (18) 
{(di + d3)cj + 2dyc, — 4d3} = 2 {-(28? +48 + 1)cf + 2(1 + 28)%c + 8(1 + B)(1 + 38).} 
(19) 


Consider 


{—(26? + 46 + Ic} + 2(1 + 26)*e, + 8(1 + 8)(1 + 38)} 
2(1 + 2)? — 








= (26? + 43+ 1) x | cf (262744641) (267 + 48 4+ 1) 





(1 + 26)? y (1+ 28)4 8(1 + B)(1 + 38) 
) ( 


= 2 
= —(28 vary [fo (262 +4641 262+48+1)2 (262+46+1) 





Upon simplification, the above expression reduces to 














(1 +28)? \ ae + 19283 + 19262 + 728 4 \ 
) 


ree 2 
AE TOT fa (23?+48+1 (28? + 48 41) 
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No. 4 
{—(267 +46 + Ic? + 2(1 + 28)?e + 8(1 + 6)(1+38)} 


= (26° + 46 +1)x 








(1 +28)? 644 + 19263 + 19282 +728 +9 
ar) Of wage 1)” 





(23? +46 +1) 
le af 40420)? GET + 19285 + 192K? +728 + 9 0s 
1) (262 +48 +1) (26? + 46 +1) 

Since c; € [0,2], using the result (—c; + a)(cy 











+b) > (—c, — a)(—c, — b), provided a > b, where 
a,b > 0 in the right hand side of the relation (21), upon simplification, we obtain 
{—(28? +48 + 1)cy 








+ 3)(1+3,)} 


7: (26? +46 + 1)c? — 2(14 





2)*c1 + 8(1+ B)(1+36)}. (21) 
— {(dy + d3)cf + 2dic, — 4d3} 
< -2 {-(26? + 46 + Ic? — 2(1 + 28)?e1 + 8(1 + B)(1+38)}. (22) 
Substituting the calculated values from (19) and (23) in the right hand side of (18), we obtain 
A|dicics + dyc% cy + d3c3| < ee ok 4(1 + 28) cy 


1)e? — 2(1 





(4— ej) — 2(1 + 46)eq(4 — e7)|2 
2 {-(28? 4 


+ 28)?c, + 8(1 + B)(1 + 36)} (4 — ¢f)|2I?|. 
Choosing ci=c € [0,2], applying triangle inequality and replacing | « | by yu in the right hand 
side of the above inequality, we get 





A|dyc1c3 + dyc?cg + d3c5| < [4074 + 4(1 ae 26) ( 





— 7?) + 2(1+ 48)c?(4— c?)u 
+ 2{—(28? + 46 + 1)c? — 2(1 + 28)?e + 8(1 + B)(1 +39)} (4—c)p?| 
=Fi(c,u), for 0<p=|a| <1. (23) 
Where 
F(c, u) = [46?c* + 4(1 + 28)?c " c*) + 2(1 + 48)07(4— C7) 
+ 2 {—(28? 4 1)c? — 2(1 + 28)?e + 8(1 4 





B)(1+38)} (4-22). (24) 
We next maximize the function F'(c, 4) on the closed square [0, 2] x [0,1]. Differentiating F'(c, js) 
in (25) partially with respect to uu, we get 
OF 
144 
Fe = RA +40)¢ 
+4 {-(28? + 46 + 1)c? — 2(14 28) 





8(1 + 8)(1+ 38)} u] x (4—c?). (25) 
For 0 < p <1, for fixed c with 0 < c < 2 and 0 < @ < 1, from (26), we observe that 2" > 0 


, Ou 
Therefore, Fc, 4) is an increasing function of yz so that it cannot have a maximum value in the 
interior of the closed square [0,2] x [0,1]. Moreover, for fixed c € [0,2], we have 


a F(c,p) = F(c,1) = G(c). 


(26) 
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Therefore, replacing 4 by 1 in (25), upon simplification, we obtain 
G(c) = {862c* — 16(46? + 46 + 1c? + 64(1 + B)(1+38)}. (27) 


G'(c) = {326?c? — 32(48? + 48 + 1)c} = 32c {(c? — 4)? —48 -1)}. (28) 


From the expression (29), we observe that G’(c) < 0, for0 << @<1land0<c< 2. Hence, G(c) 
is a monotonically decreasing function of c in the interval [0,2], whose maximum value occurs 


at c= 0. From (28), we obtain 
Gmaz = G(0) = 64(1+ 8)(1 + 38). (29) 
From the relations (18) and (30), after simplifying, we get 
|dycyc3 + docicg + d3c3| < 16(1+ B)(1+ 38). (30) 


From the expressions (16) and (31), upon simplification, we obtain 


laga4 — a3| < ate ; (31) 
This completes the proof of our theorem. 

Proposition 2.1. Choosing 6 = 0, from (32), we obtain |aga4 — a3| < 1. 

Proposition 2.2. For the choice of 3 = 1, from (32), we get |aza4 — a3| < rt Both the 
results coincide with those of Ramreddy and Vamshee Krishna |?3). 

Proposition 2.3. For f(z) = 2+ 24 anz” € ST, we have |aga4 — a3| < 1. Therefore, 
we conclude that the upper bound to the second Hanel determinant of starlike function and a 


starlike function with respect to symmetric points is the same. 


References 


1] Afaf Abubaker and M. Darus, Hankel determinant for a class of analytic functions 
involving a generalized linear differential operator, Int. J. Pure Appl. Math., 69(2011), No. 4, 
429-435. 
2] R. M. Ali, Coefficients of the inverse of strongly starlike functions, Bull. Malays. Math. 
Sci. Soc., (second series), 26(2003), 63-71. 

3] O. Al- Refai and M. Darus, Second Hankel determinant for a class of analytic functions 
defined by a fractional operator, European J. Sci. Res., 28(2009), No. 2, 234-241. 

4] R. N. Das and Prithvipal Singh, On a subclass of schlicht mappings. Ind. J. Pure Appl. 
Math., 8(1977), 864-872. 

5] R. Ehrenborg, The Hankel determinant of exponential polynomials, Amer. Math. 
Monthly., 107(2000), No. 6, 557-560. 

6] A. W. Goodman, Univalent functions Vol. I and Vol. I, Mariner publishing Comp. 
Inc., Tampa, Florida, 1983. 

7| U. Grenander and G. Szegd, Toeplitz forms and their applications, Second edition. 
Chelsea Publishing Co., New York, 1984. 








98 D. Vamshee Krishna and T. Ramreddy No. 4 





[8] A. Janteng, S. A. Halim and M. Darus, Estimate on the Second Hankel Functional for 
Functions whose derivative has a positive real part, J. Qual. Meas. Anal.,(JQMA), 4(2008), 
No. 1, 189-195. 

9] A. Janteng, S. A. Halim and M. Darus, Hankel determinant for starlike and convex 
functions, Int. J. Math. Anal., 1(2007), No. 13, 619-625. 

10] A. Janteng, S. A. Halim and M. Darus, Coefficient inequality for a function whose 
derivative has a positive real part, J. Inequal. Pure Appl. Math., 7(2006), No. 2, 1-5. 

11] J. W. Layman, The Hankel transform and some of its properties, J. Integer Seq., 
4(2001), No. 1, 1-11. 

12] T. H. Mac Gregor, Functions whose derivative have a positive real part, Trans. Amer. 
Math. Soc., 104(1962), No. 31, 532-537. 

13] A. K. Mishra and P. Gochhayat, Second Hankel determinant for a class of Analytic 
Functions Defined by Fractional Derivative, Int. J. Math. Math. Sci., Article ID 153280, 
(2008), 1-10. 

14] G. Murugusundaramoorthy and N. Magesh, Coefficient inequalities for certain classes 
of analytic functions associated with Hankel determinant, Bull Math Anal. Appl., 1(2009), No. 
3, 85-89. 

15] J. W. Noonan and D. K. Thomas, On the second Hankel determinant of a really mean 
p-Valent functions, Trans. Amer. Math. Soc., 223(1976), No. 2, 337-346. 

16] K. I. Noor, Hankel determinant problem for the class of functions with bounded bound- 
ary rotation, Rev. Roum. Math. Pures Et Appl., 28(1983), No. 8, 731-739. 

17] S. Owa and H. M. Srivastava, Univalent and starlike generalised hypergeometric func- 
tions, Canad. J. Math., 39(1987), No. 5, 1057-1077. 

18] Ch. Pommerenke, Univalent functions, Vandenhoeck and Ruprecht, Gottingen, (1975). 
19] Ch. Pommerenke, On the Hankel determinants of univalent functions, Mathematica, 
(1967), 108-112. 

20] Ch. Pommerenke, On the coefficients and Hankel determinants of univalent functions, 
J. London Math. Soc., (1966), 111-122. 

21] Prithvipalsingh, A study of some subclasses of analytic functions in the unit disc, Ph. 
D Thesis (1979). 

22] T. Ramreddy, A study of certain subclasses of univalent analytic functions, Ph. D 
Thesis (1983). 

23| T. Ramreddy and D. Vamshee krishna, Hankel determinant for starlike and convex 
functions with respect to symmetric points, J. Ind. Math. Soc., 79(2012), 161-171. 

24] Ratanchand, Some aspects of functions analytic in the unit disc, Ph. D Thesis (1978). 
25] K. Sakaguchi, On a certain univalent mapping, J. Math. Soc. Japan, 11(1959), 72-75. 
26] B. Simon, Orthogonal polynomials on the unit circle, Part 1. Classical theory. Amer- 




















ican Mathematical Society Colloquium Publications, 54, Part 1. American Mathematical Soci- 
ety, Providence, RI, 2005. 


Scientia Magna 
Vol. 9 (2013), No. 3, 99-106 


Existence and uniqueness of positive solution 


for second order integral boundary 
value problem 


Yonghong Ding 


Department of Mathematics, Tianshui Normal University, Tianshui, PR China 
E-mail: dyh198510@126.com 


Abstract This paper deal with the existence and uniqueness of positive solution for the 


integral boundary value problem 


| —u'"(t) = f(t, ult), te (0, 1]; 


au(0) — bu’(0) = J; g(s)u(s)ds, cu(1) + du’(1) = J) h(s)u(s)ds. 


The discussion is based on the method of lower and upper solutions and maximal principle. 
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81. Introduction 


We consider the integral boundary value problem 


—u"(t) = f(t, u(t), t (0, 1; (1) 
au(0) — bu’(0) = f5 g(s)u(s)ds, cu(1) + du'(1) = fi h(s)u(s)ds, 


where f : [0, 1] x [0, +00) — [0, +00) is continuous. g, h € L'[0, 1] are nonnegative, 
a, b, c, d>O and p=ac+ad+bc>0. 

The (1) arises in many different areas of applied mathematics and physics, and only its 
positive solution is significant in some practice. For the special cases of (1), the existence of 
positive solutions has been widely investigate by many authors. For details and reference see 
(1-7]. The main tools used in these papers are fixed point theorems. However, to the author’s 
knowledge, few papers can be found in the literature on existence of positive solutions for 
integral boundary value problem by using lower and upper solution method. 

In [8], the authors used the method of lower and upper solutions to research second order 
multi-point boundary value problem. Being directly motivated by [8], in this paper, by con- 
structing a pair of lower and upper solution and combine with maximal principle, we will show 


that (1) has a uniqueness positive solution under that f(t, u) is decreasing on w. 
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§2. Preliminaries 


For convenience, we denote 


: — 1 i 
H= | ey (s)ds, G= [ aS g(s)ds, C=i-# D=——; 
p 1-G 


d—- ‘ b : 
K= pores at SS hy h(s)ds, r= [ — (s)ds, R= [wm h(s)ds, s=f g(s)ds 
0 p 0 


_ need _ [(C(a+b)+(d+c)CDF|R [CKD(a+})+(d+c)D|S 
cic p pete p(1—-CKDF) * p(1—-CKDF) ; 
C(at + b) + (d+c—ct)CDF B(t) = CK D(at + b) + (d+e—ct)D 

p(1- CKDF) : 7 p(1- CKDF) : 


We assume the following condition throughout: 





A(t) = 








(H1) 4H, Gé(0, 1), CKDF €(0, 1). 


Definition 2.1. A function a € C?[0, 1] is called a lower solution of the (1) if it satisfies 


—all(t) < f(t, a(t)), te (0, Yj; 
aa(0) — ba’( 0) < f5 9( ca(1) + da’ (1 ya a 


Analogously, a function 6 € C?[0, 1] is called a upper solution of the (1) if it satisfies 


the reversed inequalities. In order to prove our main results, we need the following maximal 


principle. 
Lemma 2.1. Assume that (H1) holds. Let u € C?[0, 1] and satisfies 
—u!'(t) > 0, t< (0, 1); 5 
au(0) — bu’ ( 0) > fo 9 ca(1) + da’ (1 )> for 8, 
then u(t) > 0, ¢ € [0, 1]. 
Proof. Let 
—ul(t) = y(t : t€ (0, J]; (3) 
au(0) — bu’ ( — fo 9 s)ds=1,, cu(1)+du'(1) - i, h(s)u(s)ds = ra, 
then r; > 0, re >0, y(t) > 0, t € [0, 1). 
By integrating (3) on [0, ¢], we have 
t 
u(t) == f y(s)as +u'(0) (4) 
0 
Thus, 
t 
u(t) = -[ (t — s)y(s)ds + u’(0)t + u(0). (5) 
0 


Let t = 1 in (4) and (5), then 
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eay= -{ d= Sy Sdsew OW) Ha). (7) 
0 
According to the boundary condition cu(1) + du’(1) — Hf h(s)u(s)ds = rg, we have 
-< | (1 — s)y(s)ds + cu'(0) + cu(0 a fu s)ds + du'(0) — | h(s)u(s)ds = ro. 
By u(0) = 4(bu’(0) + J of s)ds+r1), 
u'(0) = “te | (1- panier y(s)ds — “| als)u(syds+ f h(s)u(s)ds — a +re], (8) 
therefore, 


iy Ac ie icay (assaf ul eas © [ sioyn(syds+ f nadu(syas on +r 


1 f° 1 
+f g(s)u(s)ds + Aes (9) 


a 


From (5), (8) and (9), we have 


_ . Tat+b + d+c—et 
- | Glt,s\u(s)as+ | F nisju(sids+ [ at g(s)u(s)ds 


en —t)+argtt+ bro + dri 








(10) 


where 





Then, from (10), 


. _ t t tas+b d+c-—cs 
| n(s)u(s)ds = | n(s)l f G(s,7)u(r)ar+ | = AO ar ——— _g(r)u(r)dr 











oie tae ELE (11) 
p 
‘ las+b Ad bees 
) g(s)u(s)ds = [9 Lf G(s,T) yir)ar+ f n(ryu(ryar+ f ——— g(T)u(r)dr 
0 0 Pp 0 p 
olen, (12) 


Hence, from (11) and (12), 


i h(s)u(s)\ds = ——___ —— ch bw Wu(r)drassoxD [ 9) (r)drds 


+o [ns yt 8) +ares+b sono fa ane 8) + args + bra aL 
p p 
(13) 
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and 


| “gla)u(s)de = = | [CDF ae [ r)drds+D [ [9 (r)drds 


vopr [ns oe (1= s) + ares + bre + dri | sop jh ee ans re er 
p p 








ds]. 
(14) 
From (10), (13) and (14), we get 


@= [oto s)ds + A(t © ff msc T)drds + Bit © f [9 (r)drds 


sao ge s)4 ws + bre 4 art 4 B 3 omit s)4 ae bre t dry 
" 0 




















cri (1 — t) + aret + bro + dri 
5 : 
Therefore u(t) > 0, ¢ € [0, 1]. 
Lemma 2.2. Assume (H1) holds. Let » € C[0, 1], then boundary value problem 


u(t) = ot); t€[0, 1); (15) 


au(0) — bu’ (0) = fi ol s, cu(1) + du’(1) = de h(s)u(s)ds, 


has a unique solution u(t) which is given by 


u(t) = i v(t, 8)y(s)ds, 


where 


v(t, 3) = Gt.) +409 | Gls.r)h(r)ar + BO) f G(s,T)g(7)dr. 


Proof. First suppose that u € C[0, 1] is a solution of BVP(15). Choose ry = rg = 0 in 
lemma 2.1, we can get 


@ = [ ct.svels s)ds + A(t © f° [ms t)drds + B(t © f [a (r)drds 


= [ a(t, s)p(s)ds. 


0 


Conversely, suppose u(t = fo s)ds, then 
1 
u(t) = ae + b)p(t) — a(d + e— ct) p(t)] = —e(t). 
By computation, we have 
1 1 
au(0) — bu’ (0) = ‘ g(s)u(s)ds,  cu(1) + du’(1) = | h(s)u(s)ds. 
0 0 


Thus u(t) is a solution of BVP(15). 
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Lemma 2.3. Suppose (H1) holds. Then 
(i) 6G(t, t)G(s, s) < G(t, s) < G(s, s)< N, Vs, t € [0, 1); 
(ii) oz()G(t, t) < 7(t, s) < MG(s, s), Vs, t € [0, 1J, 


where 


2 C= ‘ ya i T )AT ; os T)aT 
S=—aere 78+ f Gera ar+ [ Gtr,r)alr ar), 


(#) = min{G(, t), AC), B(t)}. 
Proof. (i) From the expression of G(t, s) we see that 
G(t, s) < G(s, s)<.N, Vs, t € [0, 1]. 


Furthermore, we have 


G(t, s) _ p 
G(s, s)G(t, t) (a+bs)(c+d—cs) 


ig = 
(a+b\(e+d) 








cd 


So 6G(t, t)G(s, s) < G(t, s). Therefore, (i) holds. 
(ii) On the one hand, 


y(t, s) > dG(t, t)G(s, j+aty f dG(s, )G(r,7)h(r)ar + B(e) dG(s, s)G(7,7)g(r)dr 


= dG(s, s)(G(t, t) + A(t @ fo G(7,T) yn(r)ar + BCD | G(r,7)g(r)dr) 


IV 


62(t)G(s, s) ae G(T, T)h (r)dr+ | G(r,7)g9(7)dr) 
az(t)G(s, s) 


On the other hand, 


y(t, 8) < G(s, j+ay f G(s, s)a(rydr + Be) G(s, s)g(r)dr 


= Gs, s)(1+ Al) | Nd a BO | g(r)dr) 
= MG(s, s). 


§3. Main results 


Theorem 3.1. Assume (H1) holds. If f satisfies the following condition: 

(H2) f:[0, 1] x [0, +00) > [0, +00) is continuous, f(t,u) #0, and f(t, u) is decreasing 
on u. Then (1) has a unique positive solution. 

Proof. Based on the preceding preliminaries, we can divide our proof into three steps: 

Step 1. We first construct a pair of lower and upper solution of (1). Let 


j= | Vea Wide eK | eal flay Haas 
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Since f(t, wu) is decreasing on u, t € [0, 1], and by lemma 2.3, we obtain 


a(t) [ G(s, s)f(s, N)ds < a(t) < b(t) < uf Ol, afta, afayde, 
Denote 


ky =m f G(s, s)f(s, z(s))ds, kg =o [ G(s, s)f(s, N)ds, 


1 1 1 1 
i=min{l, —, — L= 1, —, —}. 
mint, 2, Eh max{1, 7, 7} 
It is easy to see that 


a1, msi; ES, ies 1, 


and 
la(t)<lky <1<.N, — 2(t) < Lkg2(t) < LU(2). 
Let a(t) = la(t), G(t) = Lo(t), then 
—al"(t) — f(t, a(t) = Uf(t, N)- ft, la(t)) 


If(t, la(t)) — f(t, la(t)) 
0, 


IA IA 


—B'(t) — f(t, BY) 


I 


Lf(t, 2(t)) — f(t, Lb(t)) 
Lf(t, Lb(t)) — f(t, Lb(t)) 
0. 


IV IV 


By calculations we have 


aa(0) — ba’ (0) = | g(s)a(s)ds, ca(1) + da’(1) = | h(s)a(s)ds, 





1 1 
a3(0) ~09(0) = [ as) 5(s)ds, o8(1) + d9"(1) = f(s) (s)ds. 
0 0 
Therefore, a(t) is a lower solution of (1), and G(t) is a upper solution of (1). 
Step 2. We prove (1) has a positive solution u(t) satisfying a(t) < u(t) < G(t). 
For any x(t) € C[0, 1], define 


f(t, a(t)), — &< at); 
Fi, z)=4 f(t, a(t), at) <e< BO); 
ft, B®), © > BUt). 


Then F : [0, 1] x [(0, + 0)x [0, + co) is continuous and bounded. Consider the 


boundary value problem 





| _w'(t) = F(t, u(t)), té[0, 1; ae 


au(0) — bu’ (0) = i, g(s)u(s)ds, cu(1) + du’ (1) = Ie h(s)u(s)ds. 
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We prove (16) has at least one solution. 
Define the operator T : C[0, 1] > C[0, 1] as follows: 


(Tu)(t) = | att, NPC, ayaa. 


By lemma 2.2, each fixed point of T is a solution for (16). It is well known that T : C[0, 1] - 
C[0, 1] is completely continuous and F is bounded, by using Schauder fixed point theorem, we 
obtain that T has fixed point w € C[0, 1]. In the following we show that a(t) < u(t) < A(t), 
this means that F(t, u(t)) = f(t, u(t)), hence, u(t) is also a solution of (1). 

Assume a(t) £ u(t), then there exists to € [0, 1] such that a(to) > w(t). Since a(t) 
and w(t) are continuous, there exists a subset [t;, te] C [0, 1] with tp € (t1, te) such that 
a(t) > u(t), t € [t1, te]. 

Set 


w(t) = u(t) — a(t), 





a, = inf {ti| A[hh, ta] € (0, 1], to € (tf, ta) such that w(t) <Oforteé (ti, to] }, 





b; = sup {t2| S[ti, te] € [0, 1], to € (41, ta) such that w(t) <0 for t € [t), to]}. 
Then 
w(t) < 0, te (a1, br), (17) 
and 
w(a,) = w(b1) = 0, w’(a1) < 0, w'(b1) > 0. 
On the other hand, for any t € [a,, 01], we have 
w(t) = -w"(t) +0"(t) 
= F(t, u(t))+a"(t) 
= f(t, a(t) +a") 


= 0. 


+ 
+ 


and 
1 


aw(a,) — bw’ (a,) > | g(s)w(s)ds,  cw(b,) + dw’(b,) > | h(s)w(s)ds. 


By lemma 2.1, we have w(t) >0, ¢ € [ai, b1], which contradicts (17). Thus a(t) < u(t). 

Similarly, we assert that u(t) < 6(¢). From assumption (H2), it follows that a(t) > 0. 
Therefore, u(t) is a positive solution of (1). 

Step 3. We prove uniqueness. Suppose @U(t) is also a positive solution of (1.1) and 
u(t) # u(t). Then there exists € € [0, 1] such that u(é) 4 u(€), without loss of generality, 
we assume that U(€) < u(€). Set v(t) = u(t) — a(t), it is similar to step 2, we can get a 
contradiction. So u(t) is a unique positive solution. 
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Abstract In this paper, the Smarandache bisymmetric geometric determinant sequence was 
defined and the formula for its n-th term was obtained. 


Keywords Smarandache bisymmetric geometric determinant sequence. 


§1. Introduction and preliminaries 


Majumdar "] gave the formula for n-th term of the following sequences: Smarandache cyclic 
natural determinant sequence, Smarandache cyclic arithmetic determinant sequence, Smaran- 
dache bisymmetric natural determinant sequence and Smarandache bisymmetric arithmetic 


determinant sequence. 


Definition 1.1. The Smarandache bisymmetric geometric determinant sequence denoted 
by {SBGDS(n)} is given by 











a ar ar? ar?—?— ar? 
ar ar? ar? we ar™l art-2 
a ar ar? ar® ar* wee gr? ar?3 
{SBGDS(n)} = 4 |al, Soe ee a ere 
ar a Ny 
ar?—2 ar™—1 art? es. ar? ar 
Ce gee eet ees ar a 





For the rest of this paper, let |A| be the notation for the determinant of a matrix A. 
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§2. Preliminary result 


Lemma 2.1. 








1 r 2 pr—2 prt 
r 2 3 pri pr—2 
re 3 rt Mane pr—2 pr—3 net | , 2 hee 
JK]=) . ae , Pet ay 
pr—2 pr—-l pr—-2 2 r 
pr-l pr—2 pr—3 r 1 
where |x| is the floor function. 
Proof. 
1 r pr pr—2 pr-l 
r 2 3 pr-l pr—2 
re 3 rt pr—2 pr—3 
K = 
pr—2 pr—-l pr—2 pr r 
pr-l pr—2 pr—3 r 1 
1 r r? rr? prt 
0 0 0 0 pr — pr? 
0 0 0 pr — pre prt] _ pn—3 
~ 
0 0 pr — pr—2 p2n—4 pr p2n—3 r 
QO rr pr—2 prt = pr—-l p2n—3 r p2n—2 —1 
1 r r? pr? pr 
QO rr pr—-2 prt pr-l pens —r p2n—2 1 
0 0 pr — pr—2 p2n—4 —f pens r 
—~N 
0 0 0 pe —pr—2  prtl _ pn—3 
0 0 0 0 rr — r-2 


Via the operations r* Ry — Rei1 > Re41 where k = 1,2,--- ,n—1 and followed by 
Ry © Re, Rn—1 <— Rs, and so on and there will be a total of [2+] inversions. Solving for 


the determinant of the last matrix multiplied to (—1) ["2] gives the desired result. 
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§3. Main result 
Theorem 3.1. 


a, if n=1; 


SBGDS(n) = 4 a? (1-17), if n=2; 
(-1) l=" a" (r? — pn—ayn—® if n> 2. 
Proof. The cases for n = 1 and n = 2 are trivial. For n > 2, 


n-1 


SBGDS(n) = |aKk| = a" |K| = (—1)L7*] a”(r™ _ ae a 


via the lemma 2.1. 
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§1. Introduction and preliminaries 


In integral calculus, elliptic integrals originally arose in connection with the problem of 
giving the arc length of an ellipse. They were first studied by Giulio Fagnano and Leonhard 
Euler. Modern mathematics defines an "elliptic integral’ as any function f which can be 


expressed in the form 
f(z) = / R(t, VP())at, (1.1) 


where R is a rational function of its two arguments, P is a polynomial of degree 3 or 4 with no 
repeated roots, and c is a constant. 

In general, elliptic integrals cannot be expressed in terms of elementary functions. Excep- 

tions to this general rule are when P has repeated roots, or when R(x, y) contains no odd powers 
of y. However, with the appropriate reduction formula, every elliptic integral can be brought 
into a form that involves integrals over rational functions and the three Legendre canonical 
forms (i.e. the elliptic integrals of the first, second and third kind). 
Besides the Legendre form, the elliptic integrals may also be expressed in Carlson symmetric 
form. Additional insight into the theory of the elliptic integral may be gained through the study 
of the Schwarz-Christoffel mapping. Historically, elliptic functions were discovered as inverse 
functions of elliptic integrals. 


Incomplete elliptic integrals are functions of two arguments, complete elliptic integrals are 





functions of a single argument. 
Definition 1.1. The incomplete elliptic integral of the first kind F is defined as 


7 
Fb, = FG |B) = Fesinds) = f ——— (1.2) 
= mM 
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This is the trigonometric form of the integral, substituting ¢ = sin@, x = sinw, one obtains 
Jacobi’s form: 











F(a;k) = | Ja20 (1.3) 
Equivalently, in terms of the amplitude and modular angle one has: 
; w 
F(w\a) = F(v,sina) = | Jizndsina® (1.4) 


In this notation, the use of a vertical bar as delimiter indicates that the argument following 
it is the ”parameter” (as defined above), while the backslash indicates that it is the modular 
angle. The use of a semicolon implies that the argument preceding it is the sine of the amplitude: 


F(,sina) = F(w | sin? a) = F(~\a) = F(siny;sina). (1.5) 
Definition 1.2. Incomplete elliptic integral of the second kind F is defined as 
E(w, k) = E(w | k?) = E(siny; k) = V1 — k2 sin? 6 do. (1.6) 


Substituting t = sin@ and x = sinw , one obtains Jacobi’s form: 


k) -[S vi-kt 
(x; 


ia (1.7) 


Equivalently, in terms of the amplitude and modular angle: 


wy 
E(w\a) = E(y, sina) = | V1-—(sin@sina)? dé. (1.8) 


Definition 1.3. Incomplete elliptic integral of the third kind II is defined as 








(ns y\a) = f° — = (1.9) 
a 9 l—nsin?@ 1—(sin@sina)?’ : 
or ‘ 
sin 1 dt 
IE(n; 2 | m= [ lon Goma): (1.10) 


The number n is called the characteristic and can take on any value, independently of the other 
arguments. 

Definition 1.4. Elliptic Integrals are said to be ’complete’ when the amplitude ~ = 4 
and therefore « = 1. 

The complete elliptic integral of the first kind K may thus be defined as 











1.11 
n= 1 — k? sin? 6 -[ rEraT ao ey oe 
or more compactly in terms of the incomplete integral of the first kind as 

K(k) =F(Z,k) = F(1;k). (1.12) 
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It can be expressed as a power series 


0) = 53 ap] P= 33 LAH] as 
0 


n= n=0 


where P,, is the Legendre polynomial, which is equivalent to 


14 (3) 4 (ER) a ng (SV ae (1.14) 


where n!! denotes the double factorial. 


K(k) = 5 





In terms of the Gauss hypergeometric function, the complete elliptic integral of the first 
kind can be expressed as 


11 
K(k) = = 2Fi(=, a 1k). (1.15) 


The complete elliptic integral of the first kind is sometimes called the quarter period. It can 
most efficiently be computed in terms of the arithmetic-geometric mean: 


cs 


et 3 1+k) on 





The complete elliptic integral of the second kind F is proportional to the circumference of 
the ellipse C: 
C = 4aE(e), 


where a is the semi-major axis, e is the eccentricity, and E may be defined as 


/T_ 2p 
n= [ V1—k?sin? 6 w= ue dt, (1.17) 


tae 


or more compactly in terms of the incomplete integral of the second kind as 





E(k) = E(E,k) = E(1;k). (1.18) 
It can be expressed as a power series 
tT (2n)! |? kn 
E(k) = 1.19 
(k) lex 1-2n’ on 


which is equivalent to 


aw) = 3h (3) er = a | p20) 


In terms of the Gauss hypergeometric function, the complete elliptic integral of the second 





kind can be expressed as 


1 1 1,45 
E(k) = = 2Fi(5,-siik i: (1.21) 


The complete elliptic integral of the third kind II can be defined as 


(nk) = | i (1.22) 
- 2 a) 
0 (1—nsin* 6)V1— k? sin“ 6 
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Definition 1.5. A generalized hypergeometric function ,Fj(a1,--+-dp;b1,-+- bg; 2) is a 
function which can be defined in the form of a hypergeometric series, i.e., a series for which the 


ratio of successive terms can be written 
Ck+1 P(k) (k + a1)(k + ag)--- (K+ ap) 


Ce Q(k) (K+ bi) (K+ b:)---(K+b,)(k+) 


where k + 1 in the denominator is present for historical reasons of notation, and the resulting 





(1.23) 


generalized hypergeometric function is written 





—_* = (ar)e(aa)x (ap) a2" 
Q1)k\G2)k °° * (Aap) kZ% 
F — . 1.24 
pty ale aC On: i 
by, b2,--+ , bg 5 
or 
(ap) 3 (aj)ja1 3 = ((a,))g28 
a kz 
F =F a APS 1.25 
p*'q z p*'4q z » ((b;))eRE ( ) 
where the parameters bj, b2,--- ,bg are neither zero nor negative integers and p, q are non- 


negative integers. 

The ,F, series converges for all finite z if p < g, converges for | z |< 1 if p # q+1, diverges 
for all z,zAO0ifp>qt+l. 

The ,F, series absolutely converges for | z |= 1 if R(¢) < 0, conditionally converges for 


P q 
|z|=1,z240if 0 < R(¢) <1, diverges for | z |= 1, if 1 < R(C), = Yo ai — YOY. 
i=1 i=0 


The function 2F\(a,b;c¢;z) corresponding to p = 2, q = 1, is the first hypergeometric 
function to be studied (and, in general, arises the most frequently in physical problems), and so is 
frequently known as ”the” hypergeometric equation or, more explicitly, Gauss’s hypergeometric 
function (Gauss 1812, Barnes 1908). To confuse matters even more, the term ” hypergeometric 
function” is less commonly used to mean closed form, and ” hypergeometric series” is sometimes 
used to mean hypergeometric function. 

The hypergeometric functions are solutions of Gaussian hypergeometric linear differential 


equation of second order 


2(1—z)y” + [e- (a+ b+ 1)z}y’ — aby = 0. (1.26) 





The solution of this equation is 








ab a(a+1)b(6+1) 5 
ea ah F ], 1.2 

pe eae a oreesea a) 

This is the so-called regular solution, denoted 

ab a(a+1)b(b+1) » \ (a)x (b)Rz* 

F,(a,b;62) = [1 f= yes, 1.28 
a Nate) Gye ateaeyy » (qk! 
which converges if c is not a negative integer for all of | z |< 1 and on the unit circle | z |= 1 if 


R(c—a—b)>0. 
It is known as Gauss hypergeometric function in terms of Pochhammer symbol (a), or 


generalized factorial function. 
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§2. Main integrals 


sinh! ¢)~™ sinh * ¢™ T(m +1,—sinh~' ¢) 





dé 1 | 
| Ji+asinh 6 2 ( 
—I(m+1,sinh™* 6) Fo(5! =; -z) + Constant. (2.1) 


cosh ¢)~™ cosh”! #™ T(m+1,—cosh~ $)+ 





di 1 
/ V1+2xcosh '¢ 2 { 








T'(m + 1,cosh™* 2) Fo(5! -; -z) + Constant. (2.2) 
/ ae = Pei dé {sin—! ¢?}-™ 0 sin~' 6)” [(m+1,esin~* ¢)— 
l+asin'¢@ 2 
—(zsin—* 6)"T'(m +1, —esin“+ a) iF (5: -; -z) + Constant. (2.3) 
/ a - cos! ¢™{cos-! 6?}—-™ (- cos’ 6)” T(m+1,-cos~! ¢)+ 
J1l+acost¢ 2 ‘ 


+(ucos” o)™T(m + Je —.cos—! 2) Fo(5 77a 


33 ) + Constant. (2.4) 


Derivation of (2.1): 


(1+ asinh~' $)~ 2db = {1 —(—asinh~' ¢)}~2 2d 
FTES 
es Sle je 
pia 2) cia ie by {a)m(=2)" cae csinnmt " ao 


(—sinh' ¢)-™ sinh’ 6” ['(m +1, —sinh~* ¢) —I'(m+1,sinh™ 4) 1 
~ 2 ok 0(53 ; n), 
Proceeding the same way one can established the other integrals. 
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§1. Introduction and preliminaries 


In 1965, Zadeh defined fuzzy subset of a non-empty set as a collection of objects with 
grade of membership in continum, with each object being assigned a value between 0 and 1 by 
a membership function [!], In 1991, Xi applied the concept of fuzzy set in BCK-algebras and 
defined fuzzy subalgebra on BCK-algebras 7]. Recently, a new algebraic structure was presented 
as SU-algebra and a concept of ideal in SU-algebra @]. Sukklin and Leerawat introduced the 
concept of fuzzy SU-ideal | and anti fuzzy SU-ideal |! in SU-algebra. The cartesian product 
of two fuzzy sets [° was introduce by Bhattacharya and Mukherjee in 1985. In 2011, Samy 
M. Moutafa, et al. introduced the notion of Cartesian product of fuzzy KU-ideals |! and 
Cartesian product of anti fuzzy KU-ideals ! on KU-algebras. In this paper, we introduce the 
concept of cartesian product of fuzzy SU-ideals and cartesian product of anti fuzzy SU-ideals 
on SU-algebra. Moreover, we investigate some of their properties. 

Definition 1.1. @! A SU-algebra is a non-empty set X with a constant 0 and a binary 
operation “*” satisfying the following axioms: 

(1) ((w*y) * (w* 2) *(y*2) =0, 

(2) ax*0=2, 

(3) if «* y =O imply «= y, for all z, y, z EX. 

From now on, a binary operation “x” will be denoted by juxtaposition. 

Theorem 1.1. ) Let X be a SU-algebra. Then the following results hold for all 2, y € X. 

(1) wa = 0, (2) xy = yx, (3) Ox = a. 

Theorem 1.2. ® Let X be a SU-algebra. A nonempty subset I of X is called a SU- 
subalgebra of X if ry € I for all x, y € I. 
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Definition 1.2. '3] Let X be a SU-algebra. A nonempty subset J of X is called a SU-ideal 
of X if it satisfies the following properties: 

(joer, 

(2) if (vy)z € J and y € J imply xz € TJ, for alla, y, ze X. 

Definition 1.3. [] Let X be aset. A fuzzy set in X is a function : X — [0,1]. 

Definition 1.4. 4] Let X be a SU-algebra. A fuzzy set ps in X is called fuzzy SU-ideal of 
X if it satisfies the following conditions: 

(Fi) u(0) > u(2), 

(F) w(xz) > min {u((xy)z), w(y)}, for alla, y, z EX. 

Definition 1.5.[5] Let X be a SU-algebra. A fuzzy set * in X is called anti fuzzy SU-ideal 
of X if it satisfies the following conditions: 

(AFi) w*(0) < w*(@), 

(AF2) u* (vz) < max {u*((xy)z), u*(y)}, for all a, y, z € X. 

Example 1.1. Let X = {0,1,2,3} be a set in which operation * is defined by the following: 








wow no fF O&O 

won fF O/C 
oOo Ww OO FIR 
rF OW NY!]N 
mo F Ww] w 


Then X is a SU-algebra ©, 

Define a fuzzy set w: X — [0,1] by u(0) = 1, w(1) = 0.5 and p(2) = (3) = 0. Then p is a 
fuzzy SU-ideal in X 4]. 

Define a fuzzy set uw* : X — [0,1] by w*(0) = 0.3, u*(1) = 0.6 and p*(2) = y*(3) = 0.7. 
Then p* is an anti fuzzy SU-idealin X ©. 


§2. Definition and properties 


We first give the definition of cartesian product of fuzzy SU-ideals and cartesian product 
of anti fuzzy SU-ideals on SU-algebra and provide some its properties. 

Definition 2.1. Let X be a SU-algebra and pu, @ be a fuzzy SU-ideals of X. The Cartesian 
product p x 3: X x X — [0,1] is define by (wu x 8)(x, y) = min {p(x), G(y)} for all a, y € X. 

Remark 2.1. If X be a SU-algebra, then x x X x--+- x X is a SU-algebra, where n is 


n 
positive intergers. 


Theorem 2.1. Let X be a SU-algebra and ps, 8 be a fuzzy sets of X. If w and G6 area 
fuzzy SU-ideals of X, then p x @ is a fuzzy SU-ideal of X x X. 
Proof. Let yu, @ be a fuzzy SU-ideals of X. 
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(i) Let (v1,%2) € X x X, we have 

(ux G)(0,0) = = min {(0), G(0)} 
min {/4(#1), 3(w2)} 
= (ux B)(x1, £2). 


Thus (~ x 8)(0,0) > (uw x 8)(@1, v2) for all (21,22) € X x X. 
(ii) Let (x1, 22), (yi, ¥2), (41,22) € X x X, we have 


IV 


(u x B)((@1, ©2)(Z1, 22)) = (ux B) (2121, F222) 

= min {y(v121), B(v222)} 2 min {min {u((v1y1)21), H(y1)} , min {G((w2y2)z2), B(y2) t} 
= min {min {u((x1y1)21), B((w2y2)22)} ,min {u(y1), B(yo) }} 

= min {(u x B)((r1y1) 21, (Cay2)z2), (ux B)(y1, Y2)} - 


Thus (4 x 3)((@1,©2)(21, Z2)) 2 min {(u x B)(((w1, 22) (y1, y2)) (41, 22)), (MH x B)(y1, ya) } 

Therefore 4 x @ is a fuzzy SU-ideal of X x X. 

Corollary 2.1 Let X be a SU-algebra and p41, bW2, --:, fn be a fuzzy sets of X. If 
L1, $2, ***, pn are a fuzzy SU-ideals of X, then py x peg X ++: X fy is a fuzzy SU-ideal of 
x x X x--- x X, where n is positive intergers. 


Theorem 2.2. Let X be a SU-algebra and p, 3 be a fuzzy sets of X such that px Bisa 
fuzzy SU-ideal of X x X, then 
i) Either (0) > p(x) or G(0) > B(x) for all  € X. 
ii) If u(0) > w(x) for all « € X, then either 6(0) > u(x) or B(0) > B(x). 
iii) If G(0) > G(x) for all « € X, then either (0) > B(x) or u(0) > pa). 
iv) Either yw or @ is a fuzzy SU-ideal of X. 

Proof. Let px (@ is a fuzzy SU-ideal of X x X and a, y, zEX. 

(i) Assume p(0) > p(x) or B(0) > B(x) is not true, there exists (a,b) € X x X such that 
(0) < x(a) and B(0) < 6(b). We have 


eS SS SS 


(ux 8)(0,0) = min {n(0), 8(0)} 
< min {u(a), 5(b)} 
= (x B)(a,}). 


Hence (y x 3)(0,0) < (x B)(a,b), which is contradiction. Therefore either (0) > u(x) 
or B(0) > B(a) for all a € X. 

(ii) Let w(0) > pu(a) for all « € X. Assume G(0) > u(x) or G(0) > B(x) is not true, 
there exists (c,d) € X x X such that 3(0) < p(c) and 6(0) < B(d). We have (u x 3)(0,0) = 
min {14(0),3(0)} = 8(0). So (u x B)(c,d) = min {u(c), B(d)} > B(O) = (u x )(0,0). Hence 
(ux B)(c,d) > (ux B)(0,0), which is contradiction. Therefore if u(0) > u(x) for all e € X, 
then either G(0) > p(x) or G(0) > B(x). 

(iii) This proof is quite similar to (ii). 

(iv) (1) Let (0) > u(x) for all a € X. 

By Theorem 3.4(ii), we have either G(0) > u(x) or G(0) > B(x). 


8 
B 


7 
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If B(0) > w(x) for all « € X, we have p(x) = min {pu(x), B(0)}. Hence p(x) = (wx B)(a,0). 
So 


p(xz) = min {y(«2), (0)} 
= (1 x B)(x2z,0) 
> min {( x 8) 
= min {y((xy)z 


(xy)z),0), (ux 8)(y,0)} 
H(y)} - 


wae 


Thus p is a fuzzy SU-ideal of X. 
If G(0) > G(x) for all « € X, then 6(0) < p(x) for all c € X. We have B(x) = 
min {14(0), B(x) }. Hence 6(ax) = (u x B)(0,x). So 


Blaz) = min {p(0), (az) } 

= (uw x B)(0, 22) 
= min {(u x 3)(0, (wy)z)), (ux B)(0, 9) t 
= min {A((ry)z), B(y)} - 


Thus £ is a fuzzy SU-ideal of X. 

(2) In case G(0) > G(x) for all « € X, a proof is similar to (1). 

Definition 2.2. Let X be a SU-algebra and y*, @* be an anti fuzzy SU-ideals of X. The 
Cartesian product p* x B* : X x X — [0,1] is define by (u* x B*)(x,y) = max {u*(x), B*(y)} 
for all x, y€ X. 

Theorem 2.3. Let X be a SU-algebra and y*, G* be a fuzzy sets of X. If u* and (* are 
an anti fuzzy SU-ideals of X, then y* x G* is an anti fuzzy SU-ideal of X x X. 

Proof. Let y*, @* be an anti fuzzy SU-ideals of X. 

(i) Let (v1,%2) € X x X, we have 


V 


(u* x B*)(0,0) = = max {u*(0), G*(0)} 
max {j" (x1), 3" (x2) } 
= (u* x 6") (x1, £2). 


IA 


Thus (p* x 8*)(0,0) < (u* x B*)(x1, 22) for all (41,472) E X x X. 
(ii) Let (x1, 22), (yi, ¥2), (21,22) € X x X, we have 


(u* x B*)((a1,22)(21,22)) = (w" x 8") (x1 21, £222) 
= max {u" (2121), 8" (x222)} 
< max {max {y"((v141)21), H* (yi) } , max {B" ((2y2)z2), B* (y2) fF 
= max {max {"((%1y1)21), 3" ((w2y2)Z2) f ,max {1" (yi), B* (yo) fF 


= max {(u" x 8")((x1y1)21, (w2y2)z2), (u™ x B*)(y1, Y2)} - 


Thus (1* x 8*)((21, ©2)(21, 22)) < max {(u* x B*)(((x1, ©2)(Y1, Y2)) (41; 22)), (H* x B*) (Yr, Ye) F- 
Therefore * x 3* is an anti fuzzy SU-ideal of X x X. 
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Corollary 2.2. Let X be a SU-algebra and pj, m5, --:, ws be a fuzzy sets of X. If 
Lt, M5, +++, pe are an anti fuzzy SU-ideals of X, then wt x ws x --- x ws is an anti fuzzy 
SU-ideal of X x X x --- x X, where n is positive intergers. 
eS 


Theorem 2.4. Let X be a SU-algebra and yu*, G* be a fuzzy sets of X such that yu* x G* 
is an anti fuzzy SU-ideal of X x X, then 


(i) Either w*(0) < p*(x) or B*(0) < G*(a) for alla eX. 

(ii) If u*(0) < p*(x) for all « € X, then either G*(0) < p*(x) or B*(0) < B*(a). 
(iii) If 6*(0) < 6* (x) for all « € X, then either *(0) < B*(x) or p*(0) < p*(a). 
( 


iv) Either y* or 6* is an anti fuzzy SU-ideal of X. 

Proof. Let u* x @* is an anti fuzzy SU-ideal of X x X and x, y, ze X. 

(i) Assume p*(0) < p*(x) or B*(0) < G*(x) is not true, there exists (a,b) € X x X 
such that ~*(0) > p*(a) a B*(0) > B*(b). We have (u* x 8*)(0,0) = max {y*(0), B*(0)} > 
max {,1* (a), 3*(b)} = (u* x B*)(a,b). Hence (p* x 6*)(0,0) > (u* x B*)(a,b), which is contra- 
diction. Therefore either *(0) < p* (ax) or B*(0) < B*(x) for all a € X. 

(ii) Let w*(0) < u* (a) for all e € X. Assume 3*(0) < p*(x) or 6*(0) < G* (x) is not true, 
there exists (c,d) € X x X such that 6*(0) > u*(c) and B*(0) > B*(d). We have 


(w* x B")(0,0) = max {y"(0), 9° (0) } 
= 8°(0). 


So 


(we x Bed) = max {y"(c), *(D} < 8*(0) 
= (j1* x 8*)(0,0). 


Hence (ju* x 6*) (c,d) < (u* x B*)(0,0), which is contradiction. Therefore if u*(0) < u*(a) 
for all x € X, then either 6*(0) < p*(x) or B*(0) < B* (a). 

(iii) This proof is quite similar to (ii). 

(iv) (1) Let u*(0) < p*(x) for alla € X. 

By Theorem 4.4(ii), we have either 6*(0) < u*(x) or B*(0) < B* (a). 

If G*(0) < w*(ax) for all x € X, we have p*(x) = max {1u* (x), B*(0)}. 

Hence pu*(x) = (u* x B*)(a,0). 

So 


w'(wz) = max {u"(az), 8" (0)} 
= (u* x 8*)(xz,0) 
< max {(u" x 9") ((ay)z),0), (u* x B*)(y, 0)} 
= max {p"((ry)z), u(y)"} - 
Thus p* is an anti fuzzy SU-ideal of X. 


If G*(0) < B*(a) for all x € X, then 6*(0) > w*(x) for all x € X. 
We have 3*(x) = max {1*(0), 6*(x)}. Hence B*(ax) = (u* x B*)(0, 2). 
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So 


6" (wz) = max {u"(0), B"(wz)} = (w* x B")(0, wz) 
< max {(u" x 9")(0, (wy)z)), (Hx B°)(0, y)} 
= max {8"((xy)z),B"(y)} - 


Thus (@* is an anti fuzzy SU-ideal of X. 

(2) In case 3*(0) < B*(x) for all x € X, a proof is similar to (1). 
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